BARGAINING AND EFFICIENCY IN NETWORKS

DILIP ABREU AND MIHAT MANEA

Department of Economics, Princeton University, dabreu@princeton.edu

Department of Economics, Harvard University, mmanea@fas.harvard.edu

ABSTRACT. We study an infinite horizon game in which pairs of players connected in a
network are randomly matched to bargain over a unit surplus. Players that reach agreement
are removed from the network without replacement. For many networks all Markov perfect
equilibria (MPEs) of the bargaining game are asymptotically inefficient as players become
patient. The main result is that for every network structure the bargaining game admits
asymptotically efficient subgame perfect equilibria. MPEs are of independent interest. We
establish existence of MPEs, and show that MPE payoffs are not necessarily unique. We

provide a method to construct pure strategy MPEs for high discount factors.

1. INTRODUCTION

In many markets buyers and sellers need to be in specific relationships in order to trade. A
relationship may be defined by the possibility of production or assembly of a customized good
(e.g., manufacturing inputs) or provision of a specialized service (e.g., technical support).
Relationships may also encode transportation costs, social contacts, technological compati-
bility, joint business opportunities, free trade agreements, etc. In such markets transactions
take place through the network of bilateral relationships. The structure of the network de-
termines the nature of competition, the set of feasible agreements, and the potential gains
from trade. In a recent book [11], Jackson surveys the emerging field of social and economic
networks. He notes that the influence of the network structure on trading outcomes in non-
cooperative decentralized settings is a largely unexplored topic. The present paper and Manea
(2008) attempt to fill this gap in two distinct strategic environments using non-cooperative

models of decentralized bilateral bargaining in networks.
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The setting is as follows. We consider a network where each pair of players connected
by a link can jointly produce a unit surplus. The network generates the following infinite
horizon discrete time bargaining game. Fach period a link is randomly selected, and one of
the two matched players is randomly chosen to make an offer to the other player specifying a
division of the unit surplus between themselves. If the offer is accepted, the two players exit
the game with the shares agreed on. If the offer is rejected, the two players remain in the
game for the next period. In the next period the game is repeated on the subnetwork induced
by the set of remaining players. We assume that all players have perfect information of all
the events preceding any of their decision nodes in the game. All players have a common
discount factor.

We can think of the model as a stylized account of the interaction between agents who have
idiosyncratic supply and demand for some type of good or service. For instance, a particular
contractor may have a process for sale (e.g., battery production) that only works for a subset
of the firms in an industry (laptop manufacturing). Another contractor’s process may only
work for another subset and so on. In this setting one may ask: How are the relative strengths
of the firms affected by the pattern of compatibilities (that is, the network structure)? Which
partnerships are possible in equilibrium and on what terms? Is an efficient allocation of the
processes achievable in equilibrium?

In our setting the production technology determines a maximum total surplus that may
be generated cooperatively in every network. To achieve the maximum total surplus some
pairs of connected players need to refrain from reaching agreements in various subgames.
In general this requires that agreements arise only across specific “efficient” links, and that
particular players be “saved” to trade with some players who might otherwise be isolated.
For example, consider the 4-player network illustrated in Figure 1, which will be discussed in
detail later. In this network efficiency requires that player 1 reach agreement with player 2,
and player 3 with player 4, resulting in the maximum total surplus of two units. In particular,
it is not efficient for player 2 to reach agreements with players 3 and 4. However, for every
discount factor the induced bargaining game has a unique Markov perfect equilibrium (MPE)
in which agreement obtains with probability 1 across every link. Then with probability 1/2
one of the inefficient links (2,3) and (2,4) is selected for bargaining in the first period, and

yields an agreement that leaves the other two players disconnected. In this event players do
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FiGURE 1. Asymptotically inefficient MPEs

not coordinate their agreements to generate a total surplus of two units, and only one unit
of surplus is created on the equilibrium path.

Indeed, one can easily find networks for which no MPE of the bargaining game is efficient
even asymptotically as players become patient (as in the example above). The main result
of the paper is that for every network structure the bargaining game admits asymptotically
efficient subgame perfect equilibria. Our equilibrium construction, of necessity, entails non-
Markovian behavior. Players who resist the temptation of reaching inefficient agreements
are rewarded by their neighbors, and players who do not conform to the rewarding procedure
are punished via the threat of inefficient agreements that result in their isolation.

Our result is not a direct adaptation of folk theorem type arguments. Note that the
bargaining game is not a repeated game but rather a stochastic game. Folk theorem results
for stochastic games have been established under the assumption that the feasible payoffs
are independent of the initial state (Dutta 1995). This assumption is, of course, robustly
violated in our setting, since agreement between a pair of players entails their irreversible
removal from the network. Another distinction is that the stage game has an extensive form
structure, but this distinction is perhaps less fundamental.®

In our setting it is non-trivial to explicitly specify any subgame perfect equilibrium, even
for high discount factors. This contrasts with the usual folk theorem constructions. We
establish existence of MPEs for the bargaining game via a fixed point argument rather than
by explicit construction. The irreversible evolution of the network structure as play proceeds

makes it difficult to check incentives. For that reason, our approach is to build as much as

ISee Wen (2002) for an analysis of folk theorems for repeated sequential games.
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possible on an implicitly defined Markov strategy. As MPEs may be inefficient, we consider
an MPE of a modified game which differs from the original game primarily in prohibiting
inefficient agreements. This automatically accounts for most of the relevant incentives in the
original game. The incentives to deviate that arise from the modifications of the original game
are the only ones we need to address via explicit constructions of rewards and punishments.

Properties of MPEs are of independent interest. We prove that an MPE always exists, and
demonstrate by example that MPE payoffs are not necessarily unique. We provide a method
to construct pure strategy MPEs for high discount factors based on conjectures about the
set of links across which agreement may obtain in every subnetwork.

Manea (2008) assumes that players who reach agreement are replaced by new players
at the same positions in the network. The bargaining protocol is identical to the one of
the present paper. The model is well-behaved in that equilibria are essentially unique and
converge as players become patient. The main result is a procedure that determines the
limit equilibrium payoffs by iterating the finding that players with extreme limit equilibrium
payofts form oligopoly subnetworks. An oligopoly subnetwork consists of a set of mutually
estranged players and their bargaining partners; in equilibrium, for high discount factors,
the partners act as an oligopoly for the mutually estranged players. In the limit, surplus
within an oligopoly subnetwork is divided according to the shortage ratio of the mutually
estranged players with respect to their partners. The main result is used to characterize
equitable, stable, and non-discriminatory networks.

The two models differ in strategic complexity. In the model of Manea (2008) bargaining
opportunities are stationary over time. A player’s decisions consist solely in determining who
his most favorable bargaining partners are. In effect, each player solves a search problem
with prizes endogenously and simultaneously determined by the network structure. In the
present model a player’s decisions additionally entail anticipating that passing up bargaining
opportunities may lead to agreements involving other players which undermine or enhance
his position in the network in future bargaining encounters. Technically, this means that we
need to compute equilibrium payoffs for every subnetwork that may arise following a series
of agreements.

There is an extensive literature on bargaining in markets. Rubinstein and Wolinsky (1985,

1990), Gale (1987) and Binmore and Herrero (1988) consider markets where each seller owns
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one unit of an indivisible good, and each buyer demands one unit of the good. The focus
is on the relationship between the equilibrium outcomes of various decentralized bargaining
procedures and the competitive equilibrium price as the costs of search and delay become
negligible. The findings are that the relationship is sensitive to the assumptions on the
flow of agents entering the market over time, the amount of information available to agents,
the matching technology, and the discount factor. All buyers and respectively all sellers
are treated anonymously by the various stochastic matching processes considered in this
literature. The analogue of this modeling assumption in our setting is the special case of
buyer-seller networks in which every buyer is connected to every seller. For such networks,
the payoffs in any MPE of our bargaining game converge to the competitive equilibrium
outcome as players become patient. However, in our analysis the network is arbitrary. In
particular, some pairs of buyers and sellers are not connected and cannot trade. Since
bargaining encounters are restricted by network connections, the competitive equilibrium
analysis does not apply.

Polanski (2007) studies a related model. The differences regard the matching technology
and the steady state assumption. Polanski assumes that a maximum number of pairs of
connected players are selected to bargain every period, and all players who reach agreement
are removed from the network without replacement. Corominas-Bosch (2004) considers a
model in which buyers and sellers alternate in making public offers that may be accepted
by any of the responders connected to a specific proposer. As in the previous paper, the
matching technology is chosen such that when there are multiple possibilities to match
buyers and sellers (that is, there are multiple agents proposing or accepting identical prices)
the maximum number of transactions take place. The efficient matching technologies of
the preceding papers are fundamentally centralized. The market forces that would organize
the matchings in order to maximize total surplus are not explicitly modeled by way of self-
interested strategic behavior.

Centralized trading mechanisms may be employed in order to implement efficient matching
outcomes. Kranton and Minehart (2001) study a model similar to the one of Corominas-
Bosch (2004). The valuations of the buyers are heterogeneous, and sellers are non-strategic.
Prices are determined by the ascending-bid auction mechanism designed by Demange, Gale

and Sotomayor (1986). The unique equilibrium in weakly undominated strategies leads to
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an efficient allocation of the goods. The result enables the study of the relationship between
overall economic welfare and the incentives of buyers to form the network when links are
costly to maintain.

Calvo-Armengol (2001, 2003) introduces the following model of sequential bargaining on
a network. In the first round a proposer is randomly selected, and a responder is randomly
chosen among his neighbors in the network. Every round that ends in disagreement is
followed by a new round where the disagreeing responder makes an offer to a randomly
chosen neighbor. The game ends when the first agreement is obtained. The unique stationary
subgame perfect equilibrium specifies offers and responses identical to those in the two-person
Rubinstein (1982) game. Therefore, the network has no effect on the ex-post equilibrium
division, and only influences payoffs via the probabilities that an agent is the proposer or the
responder in the first round of the game. These probabilities are defined exogenously in the
model. Furthermore, it is assumed that a proposer passes down the bargaining opportunity
to the responder in case of disagreement and that the game ends as soon as one pair reaches
an agreement.

Formal models of non-cooperative two-player bargaining were introduced in the pioneering
work of Stahl (1972), Rubinstein (1982) and Binmore (1987).

The rest of the paper is organized as follows. In Section 2 we define the model and
establish existence of MPEs. Section 3 is concerned with asymptotic efficiency of equilibria,
and Section 4 develops several properties of MPEs. The details of the proofs for Sections 2,
3, and 4 appear in Appendices A, B, and C, respectively. Section 5 concludes.

2. FRAMEWORK

Let N denote the set of n players, N = {1,2,...,n}. A network is an undirected
graph H = (V, E) with set of vertices V' C N and set of edges (also called links) E C
{(i,))|i # j € V} such that (j,i) € E whenever (i,j) € E. We identify the links (7, j) and
(7,1), and use the shorthand ij or ji instead. We say that player ¢ is connected in H to
player j if 15 € E. We often abuse notation and write « € H for ¢ € V and 15 € H for
ij € E. We denote by e the total number of (undirected) links in H and by e the number
of links player ¢ has in H. A player is isolated in H if he has no links in H. A network
H' = (V' E') is a subnetwork of H if V' C V and E' C E. A network H' = (V’, E') is the
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subnetwork of H induced by V' if E' = EN(V' x V’). We write H & V" for the subnetwork
of H induced by the vertices in V' \ V",

Let GG be a fixed network with vertex set N. A link ij in G is interpreted as the ability
of players i and j to jointly generate a unit surplus.? Consider the following infinite horizon
bargaining game generated by the network G. Let Gy = G. FEach period t = 0,1,...
a link ij in G, is selected randomly (with equal probability),> and one of the players (the
proposer) i and j is chosen randomly (with equal probability) to make an offer to the other
player (the responder) specifying a division of the unit surplus between themselves. If the
responder accepts the offer, the two players exit the game with the shares agreed on. If the
responder rejects the offer, the two players remain in the game for the next period. In period
t + 1 the game is repeated with the set of players from period ¢, except for ¢ and j in case
period ¢ ends in agreement, on the subnetwork G;,; induced by this set of players in G.
Hence G111 = Gy © {i, j} if players i and j reach an agreement in period ¢, and G = Gy
otherwise. We assume that all players have perfect information of all the events preceding
any of their decision nodes in the game.* All players share a discount factor § € (0,1). The
bargaining game is denoted I'°(G).

There are three types of histories. We denote by h; a history of the game up to (not
including) time ¢, which is a sequence of ¢t — 1 pairs of proposers and responders connected
in G, with corresponding proposals and responses. We call such histories, and the subgames
that follow them, complete. A complete history h; uniquely determines the set of players
N (h;) remaining in the game at the beginning of period t; denote by G(h;) the subnetwork of
G induced by N(h;). Let G be the set of subnetworks of G induced by the players remaining
in any subgame, G = Uy, G(h;), and define G° = G\ {G}. We denote by (hi;i — j) the history
consisting of h; followed by nature selecting i to propose to j. We denote by (hy;i — 7; )
the history consisting of (h¢;i — j) followed by ¢ offering = € [0, 1] to j.

A strategy o; for player i specifies, for all complete histories h; and all players j such
that ij € G(hy), the offer o;(hi;i — j) that ¢ makes to j after the history (hy; i — 7), and
the response o;(hy;j — i;x) that ¢ gives to j after the history (hy; 7 — i;x). We allow
for mixed strategies, hence o;(hy;i — j) and o;(hy;j — i;x) are probability distributions

2We do not exclude networks in which some players are isolated.
30ur methods are not sensitive to the specification of the matching technology.
4The requirements on the information structure may be relaxed in the case of Markov perfect equilibria.
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over [0,1] and {Yes, No}, respectively. A strategy profile (0;);cy is a subgame perfect
equilibrium of I'? if it induces Nash equilibria in subgames following every history (h;;i — 5)
and (hy;i — J; ).

The equilibrium analysis is simplified if we assume that the only feature of a complete
history of past bargaining encounters that is relevant for future behavior is the network
induced by the remaining players following that history. That is, for all complete histories h;
and all links ij € G(hy), the offer o;(hy;i — 7) that ¢ makes to j only depends on G(h;), 1, 7,
and the response o;(hy; j — i; ) that ¢ gives when j offers x only depends on G(hy), 1, j, x.

Formally, a Markov strategy profile (o;);cn satisfies the following conditions

Ui(ht;i - .7) = Ui(h:t/%i - j) & Uz‘(ht§j - 2'395) = Ui(h;t/%j - i%@»

Vl‘,ht, h;/,VZj € G(ht) - G( 2/)

A Markov perfect equilibrium (MPE) is a subgame perfect equilibrium in Markov
strategies.” We first establish existence of MPEs.

Proposition 1. There ezists a Markov perfect equilibrium of the bargaining game I'°(G).

The proof appears in Appendix A. For a set of networks H, a collection of Markov strategy
profiles (o(H)) gey for the respective games (I'°(H)) yex is subgame consistent if for every
pair of networks H, H' € H, o(H) and o(H'") induce the same behavior in any pair of identical
subgames of T°(H) and I’(H'). By definition, any MPE ¢*(G) of T°(G) must belong to
a subgame consistent collection of MPEs (U*é(é»éeg of the respective games (F‘S(é))éeg.
We use a bootstrap approach and a fixed point argument to (implicitly) construct an MPE
0*(G) of T°(G) based on a subgame consistent family of MPEs (o*°(G © {i,j}))ijec for
the bargaining games (I'°(G © {i,j}))ijec. Behavior under 0*°(G) is specified according to
o*(G © {i,j}) in any subgame that induces the network G © {i,j}. Hence if we append
0*(G) to (6*°(G ©{i,j}))ijec We obtain a larger family of subgame consistent MPEs. The

proof of Proposition 1 proceeds by induction on the number of vertices in G.

5In other accounts ([15], [16]), the concepts defined here would be referred to as stationary Markov strategies
and stationary Markov perfect equilibrium.
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3. ASYMPTOTICALLY EFFICIENT EQUILIBRIA

Fix a network G. We introduce some concepts for the purpose of studying the welfare
properties of subgame perfect equilibria of the bargaining game F‘S(G’) for high 6. A match
of G is a subnetwork of G in which every player has exactly one link. The maximum
total surplus of G, denoted p(G), is the maximum number of links in a match of G. An
efficient match of G, generically denoted by M, is a match with ;(G) links. A link is G-
efficient if it is included in an efficient match of G, and G-inefficient otherwise. A player
is always efficiently matched in G if he is included in every efficient match of G. One
simple observation that we use in the equilibrium construction for the forthcoming Theorem
1 is that if 7 is a G-inefficient link then ¢ and j are always efficiently matched in G. A set
of players NinGis G-efficiently closed if for any G-efficient link Im, the set {I, m} either
is contained in ]if or has empty intersection with ]if .

We measure the welfare of an equilibrium o*(G) of ['*(G) as the sum of expected utilities
of all players in that equilibrium, denoted W (o**(G)). Since each player can only be involved
in one transaction, each transaction yields a unit surplus, and only connected pairs of players
can transact, for every ¢ € (0,1) and any equilibrium ¢*(G) of T%(G) the welfare W (o™ (G))
cannot exceed ((G). For § € (0,1), a family of equilibria (¢*°(G))se(s.1) corresponding to
the games (Fé(é))ge@l) is asymptotically efficient if lims_, W (0*(G)) = u(G).

To generate the maximum total surplus x(G) in I'%(G) as players become patient, pairs
of players connected by links that are inefficient in the induced subnetworks in various
subgames need to refrain from reaching agreements. However, providing incentives against
agreements that are collectively inefficient is a difficult task. The difficulty springs from the
anxiety of some players that passing up bargaining opportunities may lead to agreements
involving their potential bargaining partners which undermine their position in the network
in future bargaining encounters. Indeed, one can easily find networks for which all MPEs of
the bargaining game are asymptotically inefficient as players become patient.

The network G4 poine illustrated in Figure 2 induces the simplest bargaining game that
does not posses asymptotically efficient MPEs. For every § € (0,1), in the unique MPE
of F‘S(Gtﬂrpomt) agreement occurs with probability 1 across every link in the first period.

Proposition 4 from the next section supplies the limit MPE payoffs: 11/56 ~ .196 for
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.339 .339

FIGURE 2. Asymptotically inefficient MPEs for the bargaining game on Gy point

player 1, 5/8 = .625 for player 2, and 19/56 ~ .339 for players 3 and 4. The limit MPE
welfare is 11/56 + 5/8 + 2 x 19/56 = 3/2, which is smaller than the maximum total surplus
1(Giripoint) = 2. The set of MPEs is not asymptotically efficient because, for every § € (0, 1),
in the unique MPE of T°(Gy,1 point), With probability 1/2 one of the ' (G4 point)-inefficient
links (2,3) and (2,4) is selected for bargaining in the first period, leading to an agreement
that leaves the other two players disconnected. In this event players do not coordinate their
agreements in order to generate the maximum total surplus of two units, and only one unit
of surplus is created on the equilibrium path.

We seek to show that for every network structure G the bargaining game I'’(G) admits
asymptotically efficient equilibria. For this purpose, we introduce a new bargaining game,
[Y(G), which is a modification of the benchmark bargaining game I'°(G) that “prohibits”
equilibrium agreements across inefficient links in any subgame by adding a fine of —1 to
the regular payoffs of any player involved in such an agreement. In addition, for particular
subnetworks that may be induced by subgames, if certain efficient links and proposers are
chosen, I'°(G) “imposes” equilibrium agreements via fining the proposer with a payoff of —1
in case his offer is rejected. In all other respects I'°(G) is identical to I°(G). It is clear
that the artificial payoff modifications induce the desired disagreements and agreements
in any equilibrium of I'(G). The key idea is to employ MPE payoffs of I'°(G) in the
construction of non-Markovian asymptotically efficient equilibria for ['’(G) based on rewards
and punishments.

The following concepts are necessary for the definition of I'(G) (and the rest of the

equilibrium construction). A network G is perfect if in G all non-isolated players are



BARGAINING IN NETWORKS 11

always efficiently matched. A network G is non-trivial perfect if G is perfect and there
exists a G-inefficient link. A quadruple of players h —i — j — k forms a core configuration
in G if ij is G-inefficient and there is an efficient match of G that includes the links ih
and jk. Note that every non-trivial perfect network G must contain a core configuration.’
For each such network G we fix a core configuration h(G) — i(G) — j(G) — k(G). The
functions h(-),i(-), j(+), k(-) are defined for all non-trivial perfect networks and are part of
the description of I'(G).

We can now formally define the modified bargaining game I'’(G) generated by the
network G. Let Gy = G. Each period t = 0,1, ... a link ij in G, is selected randomly (with
equal probability), and one of the players (the proposer) i and j is chosen randomly (with
equal probability) to make an offer to the other player (the responder) specifying a division
of the unit surplus between themselves. If the responder accepts the offer, the two players
exit the game (1) with the shares agreed on if ij is Gy-efficient, and (2) with the shares agreed
on minus 1 if 45 is Gy-inefficient. If the responder rejects the offer, the two players remain in
the game for the next period; if GG; is non-trivial perfect, and the proposer and responder are
k(G:) and respectively j(G;) (h(G:) and respectively i(G;)), then k(G:) (h(G:)) receives a
time ¢ payoff of —1.7 At time ¢t + 1 the game is repeated with the set of players from time ¢,
except for ¢ and 7 in case period ¢t ends in agreement, on the subnetwork GGy, of G induced
by this set of players. Hence Gy; = Gy &4, j} if players i and j reach an agreement at time
t, and G;.1 = G, otherwise. All players have perfect information of all the events preceding
any of their decision nodes in the game and share the discount factor § € (0, 1).

As in the case of the benchmark bargaining game I'°(G), a Markov perfect equilibrium for
the modified bargaining game I'°(G) is defined as a subgame perfect equilibrium in strategies
that only condition on each complete history of past bargaining encounters through the
network induced by the remaining players after that history. The formal definition can be
easily inferred from the case of I'°(G), and is omitted. Trivial modifications to the proof of

Proposition 1 show existence of MPEs for T°(G).

6If 45 is G-inefficient then i and j are always efficiently matched in G. Let h and k be the neighbors of
i and respectively j in an arbitrary efficient match of G. Then the quadruple h — i — j — k forms a core
configuration in G.

"With this payoff modification some players may receive non-zero payoffs in more than one period. However,
this cannot happen in equilibrium.



12 DILIP ABREU AND MIHAI MANEA

Proposition 2. There exists a Markov perfect equilibrium of the modified bargaining game

9(@).

For each 6 € (0,1), fix an MPE 5*(G) of ['*(G). Due to the artificial payoff modifications
defining I"’(@), it must be that under 6*°(G), in any subgame that induces the network G,
with probability 1, disagreement obtains across G-inefficient links, and agreement obtains
when players h(G) and k(G) are selected to propose to i(G) and respectively j(G) (if G is
non-trivial perfect). In this sense *°(G) “prohibits” agreements in the former situations
and “imposes” agreements in the latter. The following definitions apply for all subnetworks
GegG. Let (6;"‘5(@))ieé be the MPE of T¥(G) determined by **(G) in a subgame of T'*(G)
where the remaining players induce the network G, and (’l}?(s(é))ieé be the payoffs yielded
by (@), also called the G-quasi-Markov payoffs. Denote by p**(G; Im) the first period
agreement probability across the link Im € G in T*(G) under 5*°(G) (conditional on I and
m being matched for bargaining).

As mentioned already, the idea is to employ the quasi-Markov payoffs in the construc-
tion of asymptotically efficient equilibria of I'*(G). Strategies in the constructed equilibrium
determine a distribution over bargaining outcomes in I'’(G) identical to the distribution in-
duced by the MPE *(G) in I'°(G), and yield payoffs equal to the G-quasi-Markov payoffs
v*°(@G). Incentives to deviate are offset by rewards and punishments. Players who resist the
temptation of reaching inefficient agreements are rewarded by their neighbors. Players who
do not conform to the rewarding procedure, and players h(G) and k(G) whose offers are
rejected by z(é‘) and respectively j(G) in subgames with induced (non-trivial perfect) sub-
network G are punished via the threat of inefficient agreements that result in their isolation.
The reference points for rewards and punishments are (typically) the quasi-Markov payoffs
for the corresponding subgames. Definition 1, Lemmata 1-5 and Proposition 3 below, con-

cerning limit equilibrium agreements and payoffs in various subgames of I''(G) under *°(G),

are necessary for constructing the equilibrium strategies and verifying the incentives.

Definition 1. A sequence of discount factors (0q)a>0 With lim, o 0o = 1 is well-behaved

if the sequences (v;‘Sa(é))azo and (p*0(G;i7))as0 converge as a — oo for every g € G and

respectively every ij € G, for all G € G.
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A sequence of discount factors converging to 1 is well-behaved if the payoffs and agreement
probabilities under 5*°(G) across all subgames of I'°(G) converge for § along the sequence.
The statements of Lemmata 1-5 and Proposition 3 apply for each (fixed) subnetwork Geg,
and every (fixed) well-behaved sequence of discount factors (d,)a>0. The corresponding
limits of (v;‘sa(é))azo and (p**=(G;ij))as0 as a — oo are denoted by v;(@) and p*(G;ij),

respectively. The proofs appear in Appendix B.

Lemma 1. Let ]if be a G-efficiently closed set of players that induces the subnetwork C:} mn
G. Suppose that G has a non-empty set of links, and let M be an efficient match of G. Then
there exists a link Im € M such that p*(G; Im) = 1.

We obtain the corollary below by setting N equal to the set of vertices of G in Lemma 1.

Corollary 1. Suppose that G is a network with a non-empty set of links, and let M be an
efficient match of G. Then there exists a link lm € M such that p*(G;lm) = 1.

Remark 1. One consequence of Corollary 1 is that

lim Y (G = u(G).
0—1 pr

Thus a family of equilibria (whose existence we intend to establish) of I'(G) yielding the
payoffs v*(G) for sufficiently high § must be asymptotically efficient.

The next result establishes that players always efficiently matched in G are relatively
strong in f“s(é), in the sense that their limit G-quasi-Markov payoffs are greater than or

equal to 1/2.

Proposition 3. Suppose that player i is always efficiently matched in G. Then v} (G) > 1/2.
If additionally G is a perfect network, then vi(G) = 1/2.

The following two lemmata are used in designing reward paths in the construction of

asymptotically efficient equilibria of I'°(G).

Lemma 2. Suppose that ij is a G-inefficient link with v*(G) = v;"(é) = 1/2. Then there
exists a sequence of links lymyq, ..., lsmsz in Go {i,7} with the following properties, where

és = é o {ll,ml, e ,lsfl,msfl},
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(1) fors=1,...,5, lyms is G,-efficient, and p*(és; lsms) =1;

(2) Gsy1 is perfect.

Lemma 3. Suppose that G is a perfect network such that ij is G-inefficient. Then there
exists a sequence of links lymyq, ... lzmsz in Go {i,j} with the following properties, where
Gy i=Go{l,m,... . i1, me 1},
(1) fors=1,...,5, Gy is non-trivial perfect and (I, ms) € {(h(Gs),i(G)), (k(Gy),5(G))};
(2) j € {h(G541),i(Gs11), 5(Gs), k(Gsi) )

Remark 2. If ij is a G-inefficient link, then 47 is also a é—inefﬁcient link, and consequently
1 and j are always matched in C:¥ , for any subnetwork é of G obtained via successive removal
of efficient links Im with {{,m} N {i,j} = 0, as in Lemmata 2 and 3. It follows that if ij
is a G-inefficient link with v} (G) = UJ*(CNJ) = 1/2, then there exists a sequence of links in

G ©{i,j} corresponding in order to Lemmata 2 and 3,
llmla s 7l31ms17l31+1m31+17 s 7l32m527

with associated subnetworks Gy = G © {li,mq,...,ls_1,ms_1}, satisfying the following
conditions:
(1) p*(Gs;lymg) = 1 for s =1,...,s; (corresponding to Lemma 2)
(2) (Is,ms) € {(M(Gy),i(Gy)), (k(Gy),5(G)} for s = s + 1,..., 5 (corresponding to
Lemma 3)
(3) Gy i perfect and j € {h(Cupr),iGuper), j(Gaper), K(Crpin)).
Such sequences play a critical role in the construction of reward paths in the proof of Theorem

1 below. They appear in various subnetworks G € G and for different values of 4,7 € G.

The following two lemmata are used in designing punishment paths in the construction of

asymptotically efficient equilibria of I'°(G).

Lemma 4. Suppose that G is a perfect network such that ij is G-inefficient and jk is G-
efficient. Then there exist h such that h —i — j — k form a core configuration in G, and
a sequence of links lyma, ... lsms in G & {h,i,j,k} with the following properties, where
G, =Go {li,mq, ..., ls_1,ms_1},

(1) fors=1,...,5, lymy is G,-efficient, and mg has a Gy-efficient link to either i or j;



BARGAINING IN NETWORKS 15

(2) the set of players in Gsiq © {h,i,j, k} is Gsi1-efficiently closed.

Lemma 5. Suppose that the set of players in G © {h,i,7,k} is G-efficiently closed. Then
there exists a sequence of links lymy, ..., lsmsz in Go {h,i, 4, k} with the following properties,
where Gy .= G & {li,mq, ..., ls1,ms 1},

(1) fors=1,...,5, lymg is G,-efficient, and p*(és; lsms) =1;

(2) all players different from h,i,j, k are isolated in the network ég+1.

Remark 3. Suppose that G is a perfect network such that ij is G-inefficient and jk is
G-efficient. Let h be i’s match in an arbitrary efficient match of G that includes the link jk.
Then G and h, i, j, k satisfy the hypotheses of Lemma 4. Hence there exists a sequence of
links in G & {h,i,7,k} corresponding in order to Lemmata 4 and 5,

l1m17 ce. 7lslms17l81+1ms1+17 CI 7l82m82a

with associated subnetworks Gy = G © {li,mq,...,ls_1,ms_1}, satisfying the following
conditions:

(1) lsmyg is G-efficient for s = 1,.. ., s9
(2

(3

)
) m, has a G-efficient link to i or j for s = 1,...,s; (corresponding to Lemma 4)

) p*(Gy:lymy) =1 for s = s; +1,..., sy (corresponding to Lemma 5)

(4) all players different from h, 1, j, k are isolated in és2+1

Such sequences play a critical role in the construction of punishment paths in the proof of

Theorem 1 below. They appear in various subnetworks G € G and for different values of
i,j,k € G.

We are now prepared to state and prove the main result.
Theorem 1. There exists § so that for § > & the bargaining game T'°(G) admits an equi-

librium o*°(G) that yields expected payoffs identical to the G-quasi-Markov payoffs v*(G).
The family of equilibria (6*°(G))ses1) s asymptotically efficient.

Proof. We prove the first part of the theorem by contradiction. One immediate consequence
of its negation is that there exists a well-behaved sequence of discount factors (d,)a>0 con-

verging to 1 such that I'%(G) does not admit an equilibrium with expected payoffs v*% (G)
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for any @ > 0. Fix such a sequence, and denote the limits of (v} (G))azo and (p**=(G: 7)) az0
as a — 0o by v;’;(é) and p*(é; ij), respectively, for all relevant g,4, j, G. In order to reach a
contradiction, the main part of the proof below details the construction of a strategy profile
0% (@) which for sufficiently large a constitutes an equilibrium of I (G) with expected
payoffs v*% (G).

For each a > 0, 0*% (@) is based on the MPE 5*%(() of the modified bargaining game
[%(G). By definition 6% (@) satisfies the incentive constraints for ['=(G), and we wish to
exploit this fact in our equilibrium construction for I'%(G). However, [%(G) differs from

I« (@) in subgames with induced subnetwork G by payoff modifications that in equilibrium

(1) “prohibit” agreements across G-inefficient links;
(2) “impose” agreements when players h(G) and k(G) are selected to propose to i(G)
and respectively j(G) (if G is non-trivial perfect).

If the equilibrium o*% (@) is to be constructed “on top of” 5*%(G) we need to modify the
latter in a non-Markovian fashion so as to be able to make disagreement incentive compatible
in case (1) and agreement incentive compatible in case (2) without recourse to artificial payoff
modifications. We achieve this by rewarding players for resisting “tempting” offers across
inefficient links, and conversely by punishing the particular players who do not make the
offers required to achieve agreement or deliver the promised rewards across efficient links as
the case might be.

After any history that induces the network G, the constructed equlibrium may be in one
of three sorts of regimes. In the default regime for G behavior conforms to 5 (G). The i
tempted j regime for G rewards a player j in case he rejects a tempting offer (relative to
his limit G-quasi-Markov payoff) from ¢ when ij is a G-inefficient link. The j punishes &
regime for G penalizes player k and benefits player j (relative to their corresponding limit
G-quasi-Markov payoffs) in case k refuses to follow some behavior prescribed by either of the
three regimes (e.g., rewarding j in the ¢ tempted j regime for G, or reaching an agreement
with j = j(G) for k = k(G) in the default regime for G). The definitions of the latter two
regimes are restricted to sets of G, i, 7 and respectively G, 7, k specified later.

We argue below that the payoffs delivered by the three regimes are as follows. Set € =
(2¢9)7¢“ /200 independently of o. The default regime for G yields payoffs identical to
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the G-quasi-Markov payoffs U*é‘l(é). The i tempted j regime for G yields a limit payoff
above 1/2 + (260)_6G€ for j as a — 0o, and a payoff identical to the G-quasi-Markov payoff
v% (@) for i. The j punishes k regime for G yields limit payoffs below 1/2—(2¢%)~¢ /100
for k and above 1/2 + (2)~¢% /100 for j as a — .

In our construction, first period play is according to the default regime for . The
default regime is, in equilibrium—i.e., when players do not deviate—an absorbing regime.
Consequently strategies in the default regime for G determine a distribution over bargaining
outcomes in I (G) identical to the distribution induced by the MPE 5*%«(G) in T« (&), and
yield payoffs equal to the G-quasi-Markov payoffs v*0 (é) Moreover, in the default regime,
deviations other than those arising in the cases (1) and (2) above are ignored. That is, they
do not result in a change of regime. These facts greatly simplify the checking of incentives
below.

In the default regime for G strategies are as follows. Suppose i is selected to make
an offer to j. If ij is G-efficient, then the regime specifies that ¢ and j behave according
to the first period strategies induced by () in T (G); in case G is non-trivial perfect
and (i,7) € {(M(G),i(@)), (k(G),5(G))} (corresponding to case (1) above), if an offer from
17 smaller than 50[@;’.‘5&((;) is rejected by 7, then play switches to the j punishes ¢ regime
for G. If ij is G-inefficient with v (G) + vj*(é) > 1, then the regime specifies that 7 offer 0
and j accept only offers greater than 5av;5a(é). If ij is G-inefficient with v*(G) + vj(é) <1
(effectively corresponding to the “tempting” circumstances of case (2) above), then the
regime specifies that i offer 0 and j accept only offers greater than or equal to 1/2 + &
following any offer from i in the interval (0,1/2 + ?) rejected by j play switches to the i
tempted j regime for G. The two new regimes are defined below.

Players do not have incentives to make one shot deviations in I'*(G) from the behavior
prescribed by the default regime for G in bargaining encounters for which no action can lead
to an exit from the default regime. This is because 5%+ (G) is an MPE of T’ (G) with payoffs
v*% (@), and compliance with the default regime for G also yields payoffs v*%(G). For large
o, this includes the case of G-inefficient links 5 with v*(G) + v;(é) > 1. For such ¢ and j,
player j’s response is optimal because rejection of any offer leads to the default regime for G,
where his continuation payoff is 5avj5“(é). Player ¢ has incentives to make an unacceptable

offer because any agreement would obtain him less than 1 — (5av;5°‘(é), while disagreement
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leads to the default regime for G, where his continuation payoff is 6,v7°* (G). The condition
v (@) + v;(@) > 1 implies that 1 — (5av;5“(é) < 6,079 (@) for large .

We next address the incentive problems in I (&) for the default regime for G in bargaining

encounters that necessitate non-default responses. Consider first the case in which k(G) is

selected to make an offer to j(G) where G is a non-trivial perfect network.® Note that

g*%(G) must specify that k(G) offer 5av;fg)(G) to j(G), and j(G) accept any offers at least
as large with probability 1. By Proposition 3, since GG is a non-trivial perfect network,
fé)(é) = 1/2. For large «, player j(G) has incentives to follow the behavior
prescribed by the default regime for G since rejection of offers smaller than (5(11);?5)(@) yields

the j(G) punishes k(G) regime for G limit payoff larger than 1/2 + (2¢)~¢ /100, while

limg_ oo (5av;

rejection of offers larger than or equal to 5@}‘% (é) yields the default regime for G payoff of

)
(G). For large «, player k(G) has incentives to follow the behavior prescribed by the

*501
i(G) . .
default regime for GG because offers larger than or equal to 5(10;?5)(@) are accepted, while

smaller offers are rejected leading to the j(G) punishes k(G) regime for G limit payoff
smaller than 1/2 — (2)~¢% /100.

0¥

Consider now the case in which i is selected to make an offer to j, when 4j is G-inefficient
with v} (G) + v;(é’) < 1. As ij is G-inefficient, i and j are always efficiently matched in
G, and thus vf(é),vj*(é) > 1/2 by Proposition 3. Consequently, v(G) = v;‘(é) = 1/2.
For large «, player j has incentives to reject any offer in (0,1/2 + 2) from player 4 since

—e

his limit payoff in the i tempted j regime for G is greater than 1/2 4+ (2¢)<“¢, and

1/24(2¢9) % > 1/2+¢? (recall that e = (2e€)~¢% /200). For large a, 6,v/% (G) > 1/2—¢2,
so 7 does not have incentives to make an acceptable offer to j. Also, ¢ cannot strictly benefit
by making unacceptable offers to j that trigger the i tempted j regime for G since his
expected payoff in that case is d,v,° (G).

The i tempted j regime for G is defined for ij € G € G such that ij is G-inefficient
with v}(G) = v]*(@) = 1/2. For such i, j, G, there exists a sequence of links in G © {i, j}

corresponding in order to Lemmata 2 and 3,
llmla s 7l81m517l51+1m81+17 s 7l52m52a

8The case in which h(G) is selected to make an offer to i(G) can be treated analogously.
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with associated subnetworks G, := G & {l1,m1,...,l,_1,ms_1}, satisfying the properties
enumerated in Remark 2. Let 5 := s, + 1. To fix ideas, assume that j € {j(G5), k(Gs)}.
Let {k} = {j(G5),k(G5)}\ {j}. We add the link lym;s with Iy = k(G5),ms = j(Gs) to the
sequence.

Player j is rewarded by player k (relative to his limit G-quasi-Markov payoffs) in period 3
of the regime only along the path on which nature selects [, to make an offer to m, in period
s of the regime for each s = 1,...,5. The reward path is described by the history hz,q, in
which in period s nature selects I, to make an offer to my, and [, offers (5av;“,f§ (@8) for s < s,
I offers 1/2 + € or 1/2 — € depending on whether I5 is k or respectively j, and m, accepts
the offer in each case. Denote by h, the truncation of hz,; to the first s — 1 periods. For
any first instance s of the regime in which the play of nature or of players Iy and mg deviates
from hg in ways different from the ones emphasized below, strategies revert to the default
regime for the corresponding subgame.

In the ¢ tempted j regime for G strategies are as follows. Suppose I is selected to make
an offer to my in period s of the regime. For all s < §, players [y and m, behave according to
the first period strategies induced by % (G) in I (G,). Then behavior along the reward
path is identical to play in the corresponding default regime. The regime specifies that any
observed deviation by [; and mg from these strategies triggers the response that the deviation
would generate in the default regime for G5. Thus I, and m, have incentives to follow the
prescribed behavior in period s of the ¢ tempted j regime for G because they have in the
default regime for Gj.

For the link lym;, recall that {I5,ms} = {j(G5), k(G5)} = {j,k}. We consider two cases,
ls = j and l; = k. If [; = j then the regime specifies that Iz = j offer 1/2 — ¢ and mz; = k
accept any offer at least as large. If [; = k then the regime specifies that [; = k offer 1/2+¢
and mz = j accept any offer at least as large. If in the former case k rejects an offer from j
larger than or equal to 1/2—¢ or in the latter case k makes an offer smaller than 1/2+¢ that is
rejected by 7, then k is punished relative to his limit Gs-quasi-Markov payoffs by switching to
the j punishes k regime for G; (the regime is well-defined because ij is Gs-inefficient and
jk is Gs-efficient as it is identical to j(G5)k(G5)). For large «, players j and k have incentives
to follow the prescribed behavior in period § of the i tempted j regime for G in either case

because the j punishes k regime for Gs vields limit payoffs below 1 /2 — (QeG)_eG /100 for
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k and above 1/2 + (2¢%)~¢° /100 for j, which satisfy 1/2 + (2¢)7¢° /100 = 1/2 + ¢ (recall
that € = (2e9)77 /200 < (2¢5)~¢ /100), and any deviation not considered here leads to the
default regime limit payoffs of 1/2 for both k and j (by Proposition 3, as G is perfect).
The reward path and the strategies for the i tempted j regime for G are constructed
so that under this regime the distribution over pairs reaching agreement for any subgame is
identical to the one in the corresponding default regime,” and the only agreement reached at
different terms in the two regimes involves j and k£ on the reward path. Hence, as desired, all
players different from j and k, in particular 7, receive payoffs equal to their corresponding G-
quasi-Markov payoffs. As o — oo, the i tempted j regime for G yields a limit payoff above
1/2+(2¢%)~“¢ for j for the following reasons. The limit payoff of j is 1/2+¢ along the reward
> (2¢9)°

G G

e

path of the regime, which realizes with limit probability greater than (Qeé)*
(eé < eC VG e G), and identical to the corresponding limit quasi-Markov payoffs of at least
1/2 along any other path. The latter fact is true since j is always efficiently matched in
G, and also in the subnetwork induced by any subgame off the reward path, where players
behave according to the corresponding default regime. Thus j receives corresponding limit
quasi-Markov payoffs of at least 1/2 in such subgames, by the first part of Proposition 3.
The j punishes k regime for G is defined for perfect networks G € G for which jk is
G-efficient and there exists ¢ such that 5 is G-inefficient. Consequently, there exists h such
that h —i —j — k form a core configuration in G. For such h, i, j, k, G, there exist a sequence

of links in G'© {h, 1,7, k} corresponding in order to Lemmata 4 and 5,
l1m17 cee 7lslms17l81+1ms1+17 C 7l82m82a

with associated subnetworks Gy := G © {l1,m4,...,l,_1,m,_1}, satisfying the properties
enumerated in Remark 3. Let 5 := s + 1. We add the link lzm; with [ = j, ms; = k to the
sequence.

Player k is punished by player j (relative to his limit G-quasi-Markov payoff) in period
5 of the regime only along the path on which nature selects I5 to make an offer to m, in
period s of the regime for each s = 1,...,5. The reward path is described by the history
hsi1, in which in period s nature selects [ to make an offer to my, and for s < s, [, offers

min(1 — 5avi‘sa(és), (5@1}:%(@5)) or 5051),;';?:(@5) depending on whether /;m; is a Lemma 4 or

9Note the relevance for this conclusion of “imposing” agreements in f“s(és) fors=s1+1,...,8.
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respectively Lemma 5 link, Iz = j offers 1/2 — 1/100, and mg accepts the offer in each case.
Denote by hg the truncation of hz,q to the first s — 1 periods. For any first instance s of the
regime in which the play of nature or of players [, and mg deviates from h, in ways different
from the ones emphasized below, strategies revert to the default regime for the corresponding
subgame.

In the j punishes k regime for G strategies are as follows. Suppose [, is selected to
make an offer to m, in period s of the regime. For Lemma 4 links [;m, the regime specifies
that [ offer min(1 — 501);86“(@5), 5avf,f:(é5)) and mg accept any offer at least as large. By
the definition of Lemma 4 links, m, has a G,-efficient link to either i or j. Suppose that m,
is G,-efficiently linked to j (a similar construction of the strategies is needed for j replaced
by i). To account for mg’s non-default response behavior, the punsihemet regime specifies
that if an offer from [, greater than or equal to min(1 — 6avl*jo‘ (Gy), 0a0202(G,)) is rejected by
ms, then m, is punished relative to his limit Gy-quasi-Markov payoffs by switching to the j
punishes m, regime for G, (the regime is well-defined because ij is G,-inefficient and jm,
is G-efficient). The optimality of I,’s offer of min(1 — 5av;‘f“(és), 3,020 (Gy)) to my given
my’s response strategy, and of my’s rejection of smaller offers are immediately checked.!® By
construction, G, is a perfect network, which coupled with the second part of Proposition
3 implies that lim, . min(1 — 5avl’k55“ (és)ﬁavﬁg(és)) = 1/2. For large «, player m; has
incentives to accept offers from [ greater than or equal to min(1 — 5avf55“(6~¥5), 5av;‘fj(és))
since his limit payoff in the j punishes m, regime for Gy is smaller than 1 /2 — (260)_6G /100
as o — 00.

For Lemma 5 links [ymg, the punishment regime specifies that players [, and m, behave
according to the first period strategies induced by 5% (G,) in T'%(G). Incentives for players
ls and my to follow the prescribed behavior are provided as for the case of Lemmata 2 and
3 links in the i tempted j regime for G.

Recall that all players different from h, 7, j, k are isolated in G5, and that ij is Gs-inefficient.
Consequently, h and k are not connected in Gs. There are 4 possible link configurations that
players h, 1, 7, k induce in Gs, depending on which subset of the links ik and jh is included in
G;. One key observation used below is that in each of the four cases, for every § € (0, 1), the

10As mentioned earlier, for scenarios that are not explicitly discussed here, in particular for ones in which
ls offers ms less than min(1 — 6avl>:5‘* (Gs), 6av;“fg (Gs)), play reverts to the default regime for the resulting
subgame.



22 DILIP ABREU AND MIHAI MANEA

game f‘é(ég) has a unique MPE, yielding identical G5-quasi-Markov payoffs, strictly smaller
than 1/2, for all four players. We conclude that dq(v% (G5) _|_U;55a (G5)) < 1 for every a > 0.

For the link lzm;s, with [ = 7 and mz = k, the punishment regime specifies that j offer
1/2 —1/100 and k accept any offer at least as large. Suppose that k rejects an offer greater
than or equal to 1/2 — 1/100. For this deviation, the equilibrium specifies that if nature
selects ¢ to make an offer to j next period, then ¢ offers 5av;5a(é§) and j accepts any offer
at least as large. Players ¢ and j have incentives to implement the isolation of A and k in
G5 because 0,(v° (Gs) + 0;5“(@5)) < 1. If nature does not select ¢ to make an offer to j,
or ¢ and j deviate from the described strategies then play reverts to the default regime for
the subsequent subgame. Thus k is punished by isolation in the event that ¢ is selected to
make an offer to j (hk ¢ G5), which occurs with probability of at least 1/10, as G5 has at
most 5 links. As @ — oo, the limit payoff of k is 0 along the one-period isolation path,
and 1/2 along any other path, by the second part of Proposition 3. For large «a, player k
has incentives to accept offers greater than or equal to 1/2 — 1/100 from j since his limit
payoff conditional on rejecting such offers is at most 1/2(1 — 1/10). The optimality of j’s
offer of 1/2—1/100 to k given k’s response strategy, and of k’s rejection of smaller offers are
immediately checked (similarly to footnote 10).

As a — o0, the j punishes k regime for G yields limit payoffs below 1/2 — (26G)*ec/100
for k and above 1/2+ (QeG)_eG /100 for j for the following reasons. The limit payoffs of j and
k are 1/2 + 1/100 and respectively 1/2 — 1/100 along the punishment path, which realizes
with limit probability greater than (26(?)_5@ > (2e9)7¢% (e% < €% VG € G), and identical to
the corresponding limit quasi-Markov payoffs of 1/2 along any other path. The latter fact is
true since G is perfect, and so is any subnetwork induced by any subgame off the punishment
path, where players behave according to the corresponding default regime. Thus j and &
receive corresponding limit quasi-Markov payoffs of 1/2 in such subgames, by the second
part of Proposition 3.

The constructed strategies yield payoffs v*% (@) and satisfy all the equilibrium require-
ments in I (G) for sufficiently large «. This contradiction with our initial assumption
completes the proof of the first part of the theorem. For the second part, note that the
family of equilibria whose existence is established in the first part is asymptotically efficient

by Remark 1. O
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Remark 4. We can make i’s incentives not to tempt j strict in the equilibrium construction
of Theorem 1, by delaying j’s reward from k—and ¢’s subsequent agreements—by one period.
Specifically, j receives 1/2 4 ¢ from k only if matched to bargain with k for two consecutive
periods (S and s + 1) of the i tempted j regime for G, following the prescribed series of
agreements across Lemmata 2 and 3 links. In that case, in the second period in which the
two players are matched to bargain (period §+ 1 of the regime), j receives 1/2 + ¢ from k.
Depending on whether I; is j or k, player l; can be incentivized to make the unacceptable
offer of 0 to ms in the first period in which the two players are matched to bargain (period
s of the regime) via the following threats. In case l; = j, if j makes a non-zero offer to k
that is rejected by k then play reverts to the corresponding default regime. In case I3 = k,
if £ makes a non-zero offer to j that is rejected by j then play switches to the j punishes &

regime for the corresponding subgame.

4. PROPERTIES OF MARKOV PERFECT EQUILIBRIA

While MPEs may be incompatible with efficiency (as demonstrated in the preceding sec-
tion), they are of independent interest.'’ In this section we investigate the distinctive struc-
ture and properties of MPEs in the context of our model of bargaining in networks. We
first provide examples of MPEs for some simple networks. We mainly focus on equilibrium
payoffs. Strategies may be constructed as in the proof of Proposition 1.

Consider first the star networks, in which one player controls the bargaining opportunities
of all other players. Formally, in the star of n network Gy, » player 1 is connected to
player k for k = 2,...,n. Proposition 4(i) in Rubinstein and Wolinsky (1990) shows that
the bargaining game I’ (Gstar n) has a unique subgame perfect equilibrium (which is also the
unique MPE), with payoffs given by

1-4¢
n(2—0)—2

o *§ — —
V% (Gstar n) = —n(2 —5) =2 and v;°(Gstar n) for k=2,...,n.

As § — 1, the equilibrium payoffs converge to 1/2 for both players if n = 2, and 1 for player
1 and O for all other players if n > 3.
Consider next the line networks, in which players are located on a line and can only bargain

with their closest neighbors. Formally, in the line of n network Gy;,. , player k is connected

HSee for example Fudenberg and Tirole (1991), and Maskin and Tirole (2001).
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to player k + 1 for £k = 1,...,n — 1. Computing MPEs of the bargaining game for line
networks is feasible for two main reasons. First, all the connected components induced by
the players remaining in any subgame are line networks. Second, the number of conjectures
about what first period agreements are possible in equilibrium is small because each player
has at most 2 neighbors. The networks Gjine 2 and Gine 3 are isomorphic!? to Gy 2 and
Glsiar 3 TESpectively.

Consider now the bargaining game on the line of 4 network, I'°(Gne 4). If players 2 and
3 reach the first agreement, players 1 and 4 are left disconnected in the ensuing subgame,
and receive zero payoffs. If players 1 and 2 (3 and 4) reach the first agreement, players 3 and
4 (1 and 2) induce a subnetwork isomorphic to Gy o in the ensuing subgame, and receive
expected payoffs of 1/2 next period. For low § there is a unique MPE of I'’(Glie 4). In any
subgame, every match ends in agreement. The unique MPE payoffs for § < § ~ .945 are

given by!3

6430 —26%

. 12 + 35 — 262
12<3 IR 5) y Vg (Gline 4) = U36(Gline 4) =

VP (Gline 1) = V5 (Gline 1) = 12(3 — 0)

For § > §, there exists an MPE of I'’(Gjine 4) in which players 2 and 3 reach agreement
with some probability p*® € (0,1) conditional on their link being selected for bargaining.
The unique MPE payoffs and p*® are given by'!

1
aU;(S(Gline 4) = Ug(s(Gline 4) - 2_5
) 2(9 — 120 + 6% + 26%)

T 5(—6+ 56+ 20%)

—6 + 59 + 262

UI(S(Gline 4) - 'UZ(S(Gline 4) - 252

Note that, as players become patient, the conditional probability of agreement between
players 2 and 3 converges to 0, and the MPE payoffs converge to 1/2 for each player:
limg_; p*® = 0,lims_1 v;°(Gline 4) = 1/2 for k = 1,2,3,4. The intuition is that players 2
and 3 could obtain payoffs greater than 1/2 in the limit only by extorting players 1 and 4 via

the threat of an agreement across the link (2,3), which would leave 1 and 4 disconnected.

2Two networks H = (V, E) and H' = (V', E') are isomorphic if there exists a bijection g : V' — V’ such
that ij € E < g¢g(i)g(j) € E'.

13The definition of § and the system of equations solved by 0*(Gline 4) for 6 < § appear in Appendix C.
Mhe system of equations solved by v*‘s(Glme 4) and p*9 for § > § is written out in Appendix C.
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Yet, players 2 and 3 cannot reach an agreement if their limit equilibrium payoffs are larger
than 1/2.1°

For the line of 5,7,8,9, ... networks, and other more complex networks, computing MPE
payofts for the bargaining game for every d may be a difficult task. For these networks, we

focus on limit MPE payoffs and agreement behavior as players become patient.

4.1. Limit Properties of MPE. Fix a network G. A payoff vector v* is a limit equilib-

rium payoff (of [’(G) as § — 1) if there exists a family of subgame perfect equilibria of

the games (I(G))se(0,1) with respective payoff vectors (v*?)se(,1) such that v* = lims_; v*°.

A limit MPE payoff is a limit equilibrium payoff corresponding to a family of MPEs.

The agreement behavior induced by a Markov strategy ¢ is the profile (p(G; i7))ijeceg

where p(GY :1j) is the probability that ¢ and j reach agreement under o conditional on being
matched to bargain in a subgame that induces the subnetwork G.'® We refer to the profile
(p(G;1i7))ijec corresponding to first period agreements as initial agreement behavior.
An agreement profile (p(G; ij))ijeeg 1s a limit MPE agreement (for I'°(G) as § — 1) if
there exists a family of MPEs of the games (I'(G))se(0,1) with respective induced agreement
behavior (p*(G;ij))

ije@eg Such that p(G;ij) = lims_, p*(G;ij) for all ij € G € G.

The bargaining game for various network structures permits a bootstrap approach to
computing directly limit MPE payoffs and agreement behavior as players become patient,
and constructing MPEs of I'°(G) for high § that yield the determined limit payoffs and
agreements as 6 — 1. We use known MPE behavior in subgames (equivalent to) I'(G)
for G € G° in order to characterize equilibrium behavior in I’(G). Suppose that for every
§ € (0,1) we constructed a subgame consistent family of MPEs (6*°(G © {i, j}))ijeq for the
bargaining games (I'°(G © {i, j}))ijeq With respective payoffs (v*°(G © {i,j}))ijec-

15Gimilarly, all MPEs of the bargaining game on the line of 6 network, I'%(Gline ), are payoff equivalent.
As § — 1, the common probability of first period agreement across the links (2,3) and (4, 5) vanishes, while
agreement obtains with probability 1 across all other links. All players receive expected payoffs of 1/2 in
the limit. However, the properties that limit MPE payoffs are 1/2 for all players, and limit probabilities of
first period agreement across links (k, k + 1) are 0 and 1 for k even and odd, respectively, do not generalize
to the bargaining games on lines with an even number larger than 6 of players.

6Mathematically, p(G;ij) is the average of the probabilities that the random variables oj(hyi —
Gioi(he;i — 7)) and o3(he;j — 4;05(h;j — i) equal “Yes” for a history hy with G(h;) = G. By the
definition of an MPE, the distributions of the two random variables do not depend on the choice of h;

satisfying G(h;) = G.
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Fix a discount factor 0 and a subnetwork H of G. We set out to construct an MPE
0*(Q) of T°(G) that yields payoffs v*(G' © {i,5}) in subgames that induce the subnetwork
G ©{i,j}, and generates initial agreements with probability 1 across links in H and with
probability 0 across other links. That is, the initial agreement behavior for o*°(G) is p* with
pf(G;ij) = 1 for ij € H, and p”(G;ij) = 0 otherwise. By the proof of Proposition 1, the
payoff vector for 0*°(G) is a solution v to the n x n linear system,"’

(4.1)

2(eG _ oH H 1 1 —
n= 2 LY et Y e e i k=Tn
€ € (ke " lijlijereik)

Assume that v*(G © {i,j}) converges to v*(G © {i,j}) as § goes to 1 for all ij € H.
Consider the n x n linear system obtained by taking the limit § — 1 in 4.1,
2(e — efl) + el
v

1 1 . . —
(4.2) v = e b5 > (1-v)+— > wi(Goli ). k=Tn
{ilkicH} {ijlijeHo{k}}

We show that solutions of 4.1 corresponding to MPE payoffs of I'*(G) for high § lead to a

solution of 4.2, and that under some auxiliary conditions the correspondence can be reversed.

Proposition 4. Suppose that ¢ > 1 and let H be a subnetwork of G. Then the systems 4.1

SH and v

and 4.2 have unique solutions, denoted v>" and v, respectively. The solutions v
belong to [0,1]", and satisfy lims_, v>7 = v If v satisfies v + U]H <1 forij € H and
v + ol > 1 forij € G,ij ¢ H then there exists 0 < 1 such that for every § € (0, 1) there is

a Markov perfect equilibrium of T°(G) with payoffs v>* and initial agreement behavior p™.

The proof appears in Appendix C. An illustration of Proposition 4 is provided in the next
subsection. Proposition 4 has been used in order to determine limit MPE payoffs and initial
agreements for the bargaining games on the line of 5, 7,8, ..., 12 networks depicted in Figure
5 in Appendix C. In all diagrams, for every network, limit MPE payoffs for each player are
represented next to the corresponding node, and each link is drawn as a thin, dashed, or
thick line segment depending on whether the probability of initial agreement across that link
in MPEs for high ¢ is 0, a number in (0, 1) (then the limit probability as § — 1 is mentioned
next to the link),'® or 1, respectively.

1"Recall that & and e§ (e and eff) denote the total number of links and respectively the number of links
of player k in the network G (H).

18For some links the initial agreement probabilities for § < 1 may be positive, and converge to 0 as § — 1,
as in the case of the link (2,3) in Gine 4.
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.235 .792 .069 .793 172
4 f\ /7~ 7
® ® O
759 179
179 792 069 .793 172
o 2\ I\
: O—=06 O
759 .235

.755 .211

F1GURE 3. Three sets of limit MPE payoffs and initial agreements for I"S(quﬂme 3)

4.2. Multiple MPE Payoffs. Multiple MPE payoffs may exist for the bargaining game on
some networks for high discount factors. One example is the bargaining game F‘S(GSque 3),

on the network Ggisine 3 depicted in Figure 3.

Proposition 5. There exists § < 1 such that for every § € (8,1) the game I'°(Gyqriine 3) has
(at least) three MPFEs that are pairwise payoff unequivalent.

Proof. Note that H := Gyine 7 is a subnetwork of Gggiiine 3. We intend to use Proposition
4 to show that for high § the game I'(Gyyiiine 3) admits an MPE with initial agreement
behavior p’.

To define the subgame consistent collection of MPEs (0 (Gsgstine 30 {k, bk +1}))r=12. .6
necessary for 4.1 and 4.2, note that an initial agreement between two players linked in H
may induce the following subgames. If players 1 and 2 (2 and 3) reach the first agreement,

then players 3,4,5,6,7 (1,4,5,6,7) induce a subgame on a network isomorphic to the line of
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172 .793 .069 .793 172

F1GURE 4. Limit MPE payoffs and initial agreements for the bargaining game

on Gy, (top left), Gygipoint (top right), and a network isomorphic to Giine 5

5 network. If players 3 and 4 (4 and 5) reach the first agreement, the induced subnetwork has
two connected components, partitioning the set of remaining players in {1,2} and {5,6,7}
({1,2,3} and {6,7}). Players 1 and 2 (6 and 7) are involved in a subgame similar to the
bargaining game on the line of 2 network, with lower matching frequency since they are not
matched to bargain when the links (5,6) or (6,7) ((1,2) or (2,3)) are selected for bargaining.
Similarly players 5,6,7 (1,2,3) are involved in a lower matching frequency version of the
bargaining game on the line of 3 network. For both lower matching frequency versions of the
bargaining games on the line of 2 and 3 networks the limit MPE payoffs are identical to the
ones in the respective benchmark versions. If players 5 and 6 reach the first agreement, then
players 1,2, 3,4 induce a subgame equivalent to the bargaining game on the square network,
G4, and player 7 is left disconnected, in an empty game. If players 6 and 7 reach the first
agreement, then players 1,2, 3,4,5 induce a subgame equivalent to the bargaining game on
the square plus point network, Gsg4poine- The limit MPE payoffs and initial agreements for
Gsq, Gsgipoint, and a network isomorphic to the line of 5 are summarized in Figure 4.

The limit linear system 4.2 corresponding to F‘S(GSque 3) and the subnetwork H is writ-
ten out in Appendix C. The unique solution is v with v ~ 0.235 vl ~ 0.759,vf =~
0.179, vl ~ 0.792, vl ~ 0.069, vl ~ 0.793, v ~ 0.172. The vector v satisfies all the con-
ditions from Proposition 4, so for high ¢ there exists an MPE of F‘S(quﬂme 3) with initial

agreement behavior pf and payoffs approaching v as § — 1. The rough intuition for this
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equilibrium specification is that odd labeled players are relatively weak and even labeled
players are relatively strong in the bargaining game I' (G4 ine 3) for high 6.1

Odd labeled players are relatively weak and even labeled players are relatively strong
in the bargaining games on the line of 3 and 5, and the square plus point networks, and
players 2,4,6 occupy the positions corresponding to even labels in these networks, in some
isomorphic induced subnetworks following initial equilibrium agreements. The significant
difference between the payoff of player 2 and the (almost identical) payoffs of players 4 and 6
is due to the initial equilibrium agreement between players 3 and 4, which undermines player
2’s position. When 3 and 4 reach the first agreement, 2 is left in a bilateral bargaining game
with 1, which yields a limit payoff of 1/2. This diminishes the “strong even position” effect
in the three types of subnetworks enumerated above.

Similarly, player 1 is better off than player 3. Although 1 and 3 have symmetric positions in
the network, 1 is at an advantage over 3 since initial equilibrium agreement obtains between
3 and 4, but not between 1 and 4. Player 7 is slightly weaker than player 3 because, as
argued above, player 7’s only neighbor, player 6, is significantly stronger than one of player
3’s neighbors, player 2. Finally, player 5 is the weakest of all odd labelled players because
his middle position is inferior to the peripheral positions of the other odd players in the
subnetworks isomorphic to the line of 5 network induced by initial agreements across the
links (1,2) and (2, 3).

Players 1 and 4 are reluctant to reach an initial agreement in equilibrium because each
can benefit from waiting to bargain with a weaker neighbor. It is possible for all other
pairs of payers to reach initial agreements in equilibrium since no other two relatively strong
players (according to the conjectured equilibrium) among the odd and even labeled players,
respectively, are linked in the network. The conjectured initial agreement behavior is self-
confirming and leads to an MPE for high 4.

Note that the positions of players 1 and 3 are symmetric in Gsg4iine 3, but their strategies
in the MPE above are not identical. We can obtain another MPE for high § by simply
interchanging the roles of players 1 and 3 in the initial equilibrium agreement behavior
considered above. These two pure strategy MPEs of I'°(G gy tiine 3) for high ¢ are not payoff

equivalent for players 1 and 3.

OThe words “weak” and “strong” vaguely mean payoffs significantly below and respectively above 1/2.
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For sufficiently high §, a third MPE of F6(qu+line 3) exists, in which there is a common
initial probability of agreement across the links (1,4) and (3,4) in the interval (0,1).2° The
limit MPE initial agreement is p with p(Gsgiine 3; (1,4)) = p(Gsgriine 3; (3,4)) =~ 21 0.528758
and p(Gsgiine 3;17) = 1 for all other links ij. The limit equilibrium payoff vector is v with
vy = v3 ~ 0.211,09 = 0.755,v4 =~ 0.789,v5 =~ 0.068,v5 =~ 0.796,v; =~ 0.170. Therefore, for
high 0 the bargaining game F‘S(quﬂme 3) has at least three MPEs. Note that the latter
MPE is not payoff equivalent with either of the former two MPEs for any player. 0

5. CONCLUSION

Networks are ubiquitous in economic and social contexts, and have been the subject of
extensive inquiry (Jackson (2008) offers an excellent overview). Nevertheless, there has been
little analysis of models in which pairs of players connected by a network are matched to
bargain over the division of surplus. Such models provide a natural framework to investigate
the connection between network structure, feasible agreements, and the division of the gains
from trade. The present paper and Manea (2008) represent initial steps in this direction.

In the model introduced here we establish existence of MPEs and show that MPEs are not
necessarily unique. We relate the properties of MPEs to features of the underlying network.
In many networks MPEs are incompatible with efficient matching even asymptotically as
players become patient (or the time between matchings goes to zero). A major focus of
the analysis is on constructing asymptotically efficient subgame perfect equilibria for every
network. Our setting is perhaps the simplest in which the relevant issues can be addressed.
In particular, we have assumed various symmetries in the matching technology and the
potential gains from trade between connected agents. In future work we hope to relax some

of these assumptions.

20The proof is similar to the one of Proposition 4.
21The exact limit initial MPE agreement probability common for the links (1,4) and (3,4) is one of the four
roots of an irreducible polynomial of degree 4.
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APPENDIX A. PROOF FOR SECTION 2

Proof of Proposition 1. We first provide a characterization of MPE payoffs, and then use
it to show that an MPE always exists. Fix § € (0,1). For a set of networks H, a collec-
tion of Markov strategy profiles (o(H))puep for the respective games (I'°(H))yey is sub-
game consistent if for every pair of networks H, H' € H, o(H) and o(H') induce the
same behavior in any pair of identical subgames of I'°(H) and I'’(H’). Formally, sub-
game consistency of (I°(H))yen requires that o(H)(hy;i — j) = o(H')(h);i — j) and
o(H)(hy;i — jyx) = o(H')(hy;i — j;o) for all pairs of players (,7), all offers x, all hy
and A/, such that the players remaining in the subgame h; of [°(H) and the subgame h, of
[(H’) induce identical networks (which include the link ij), and all H, H' € ‘H.

Suppose 0*(G) is an MPE of I'’(G). By the definition of an MPE, it must be that o*°(G)
belongs to a subgame consistent collection of MPEs (0*5(6))(;@ of the respective games
(F‘S(G’))@eg with corresponding payoffs (v*5(é))éeg. In particular, when I'’(Q) is played
according to 0*((), every player k has expected payoffs v;°(G) at the beginning of any
subgame before which no agreement has occurred, and v;°(G © {i,j}) at the beginning of
any subgame before which only i and j reached an agreement (k # i, j).

Fix a history (h¢ i — j) along which no agreement has been reached (G(h:) = G). In
the subgame following (h;;7 — 7), it must be that the strategy 0;5(G) specifies that player
7 accept any offer larger than 51);‘5(63), and reject any offer smaller than 51}3‘»“5(G). Then it
is not optimal for 7 to make an offer = > (51);’?5(G) to j, since ¢ would be better off making
some offer in the interval (6v°(G), ) instead, as j accepts such offers with probability 1.
Hence, in equilibrium ¢ has to offer j at most 51}3‘-‘5(G) with probability 1, and j may accept
with positive probability only offers of 61};‘5 (G). Let p be the probability (conditional on
(hy;i — 7)) of the joint event that i offers 51);-‘5(63) to 7 and the offer is accepted. The payoff
of any player k # i,j at the beginning of the next period is v;°(G © {i,j}) in case i and
j reach an agreement, and v;°(G) otherwise. Therefore, the time ¢ expected payoff of k
conditional on the history (h;i — 7) is pdvio(G © {i,7}) + (1 — p)ovi(G).

If §(v;°(G) 4+ v;°(G)) < 1, when ¢ is chosen to propose to j, it must be that in equilibrium
1 offers 51);5(G) and agreement obtains with probability 1, i.e., p = 1. For, if p < 1 then 7’s
expected payoff conditional on offering 6v3°(G) is p(1—6v7°(G))+(1—p)ov*(G) < 1—6v;°(G),
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while conditional on offering §v3°(G) +¢ (e > 0) is 1 — 6v1°(G) — & (we argued that j accepts
offers greater than dv}’(G) with probability 1). But for small € > 0, p(1 — 6v;°(G)) + (1 —
p)ov(G) < 1 —6vi’(G) —e. Hence it is not optimal for i to offer v*°(G) to j. By the
same token, offers smaller than (51}}“5(G) are not optimal for ¢ since they are rejected with
probability 1 and yield expected payoff §v;°(G) < 1—6v}°(G)—e. We already argued that no
offer greater than év;°(G) may be optimal for i either. Therefore, if §(v;’(G) +v1°(G)) < 1
and p < 1, then ¢ cannot have a best response to j’s equilibrium strategy. We established
that if §(v}°(G) + v;°(G)) < 1 then p = 1. Similarly, if §(v}°(G) + v}°(G)) > 1 then p = 0.
If §(v;°(G) + v°(G)) = 1 then p can be any number in the interval [0, 1].

Consider the correspondence 77 :[0,1]" = [0,1]" defined by

(A1) f™(v) = {po(v°(G & {i,j}),1 ~ 5%&) + (1 —p)ov|

p=1(0)if 6(v; +v;) < (>)1, and p € [0,1] if 6(v; + v;) = 1},

where (v*°(G © {i,5}),1 — dv;, dv; ) represents the vector in [0, 1]" with the k (# 4, j) coor-
—_— =

—irj i j
dinate equal to v;’(G & {i,j}), i coordinate equal to 1 — dv; and j coordinate equal to dv;.

Note that f, 7 (v**(G)) is the set of possible time t expected payoffs for player & conditional
on the history (h;;i — j), where the behaviors of ¢ and j are constrained by the equilibrium
analysis above. In other words, f"~/(v**(G)) computes the time ¢ expected payoff vectors
conditional on the history (hs;i — j) that are not rejected by our partial equilibrium analysis
when players behave according to 0*(G).

Let f:[0,1]" =2 [0, 1]™ be the correspondence defined by

(A2) ORI D)

{i—jlijeG}
(recall that e“ denotes the total number of links in G). Let h; be a history along which no
agreement has occurred, and consider the resulting period ¢ subgame. Since nature selects
player i to make an offer to player j with probability 1/(2e“) for each link ij € G, and
conditional on the selection, fi=7(v**(G)) describes the time ¢ expected payoffs constrained
by the equilibrium requirements, f(v**(G)) is the set of expected payoffs at the beginning

of the subgame h; that are not rejected by our partial equilibrium analysis when players
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behave according to o*°(G). In equilibrium, the time ¢ expected payoff vector conditional
on the history h; is v*°(G), hence v**(G) € f(v**(G)). Therefore, v*°(G) is a fixed point of

f. Conversely, any fixed point of f is an MPE payoff vector.

Lemma 6. A vector v is a Markov perfect equilibrium payoff of T°(G) if and only if there
exists a subgame consistent collection of Markov perfect equilibria of the games (Fé(é>>é€go
with respective payoffs (0*5(é))éego such that v is a fized point of the correspondence f
defined by A.1-A.2.%2

Proof. We already proved the “only if” part. To prove the “if” part, suppose that the sub-
game consistent collection of MPEs (o*° (é))éego of the games (F5(@))@6g0 with respective
payoffs (v*‘s(é))@ego defines the correspondence f by A.1-A.2, and that v € f(v). It follows
that

v = iZi_’j ,

{w‘zm:e@} 2
where 277 € fJ(v). Then, there exists p"~/ such that
270 = IS (v(G S {i, § 1), 1 — vy, Sy ) + (1 — p'd)ow,

—i,—j i j
with p—7 =1 (0) if 6(v; + vj) < (>)1 and p"7 € [0, 1] if 6(v; + v;) = 1.

The strategy profile 0*°(G) (implicitly) defined below constitutes an MPE with payoffs v.
We first define the strategies for histories h; along which at least one agreement occurred.
Recall that G(h;) denotes the network induced by the players remaining in the subgame
h:. Construct the time ¢ strategy of each player according to the time 0 behavior specified
by 0*%(G(hy)).?® For histories along which no agreement has occurred, o*°(G) specifies that
when 7 is chosen to propose to j he offers min(1 — dv;, dv;), and when ¢ has to respond to an
offer from j he accepts with probability 1 any offer greater than dv;, accepts with probability

p'™7 an offer of dv;, and rejects with probability 1 any smaller offers.?

22Recall that GO denotes the set of subnetworks of G, different from G, induced by the players remaining in
any subgame of T%(G).

BFormally, 07°(G)(he;i — j) = 07 (G(he))(hoyi — j) and 0% (G)(he; j — i32) = 07 (G(he)) (hos j — i)
for all ij € G(h:) and x € [0,1], where hy denotes an empty history.

24payoff irrelevant MPE multiplicity may arise for two reasons. First, if § (v; +v;) > 1, when ¢ is selected to
propose to j, in the construction above ¢ offers min(1 — dv;, dv;) = 1 — dv; to j and the offer is rejected. The
equilibrium construction may be modified so that i offers j any (mixed) offer x < dv;, as rejection obtains

j
regardless (if j rejects offers of dv; with probability 1 the constraint is < dv;). Second, if 6(v; +v;) = 1,
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The subgame consistency of the collection (0*5(é))@€g0 guarantees that under the con-
structed 0*°(G) the expected payoffs in any subgame of I'°(G) with induced network Geg®
are v*((), and that ¢*(G) is an MPE with expected payoffs v. O

We can now use Lemma 6 to show existence of MPEs. We prove more generally that
there exists a subgame consistent collection of MPEs for the games (F‘S(é))éeg(n,), where
G(n') denotes the subset of subnetworks in G that have at most n’ vertices. We proceed by
induction on n’. For n’ = 0,1, the statement is trivially satisfied since the corresponding
games are eventless.

Suppose we proved the statement for all lower values, and we proceed to proving it for n’
(2 < n’ < n). By the induction hypothesis, there exists a subgame consistent collection of
MPEs (0*5((}))@69(”,_1) of the corresponding games (Fé(é))éeg(n,_l). Fix a network G’ € G
with n/ vertices, and let G be the set of all subnetworks of G/, excluding G, induced in all
subgames of I'’(G’). Then G is a subset of G(n' — 1). Therefore, the collection of MPEs
(a*é(é))@eg,o for the games (I'*(G))gego is subgame consistent, and we can use their payoffs
to define =7 and f as in A.1-A.2 for the game I'°(G").

Note that each fi=7 : [0,1]® — [0,1]" is an upper hemi-continuous correspondence with
non-empty convex images. The correspondence f : [0,1]" — [0, 1]" is a convex combination
of the correspondences (") jjijecry, hence it is upper hemi-continuous with non-empty
convex images as well. By Kakutani’s fixed point theorem, f has a fixed point.

We can use the steps from Lemma 6 to construct an MPE 0*(G") of T°(G’) so that the
collection of MPEs (J*a(é))éeg(n_l)um,} is subgame consistent. If we append the MPEs
o*(@G") for all subnetworks G’ € G with n’ vertices to the subgame consistent collection of
MPEs (o*é(é))éeg(n,_l), the resulting collection of MPEs (0*5(6))@@(”,) for the respective
games (F‘S(é))@eg(n,) is subgame consistent. This completes the proof of the induction

step. 0

in the construction above i’s offer to j is accepted with probability p*—7, and j’s offer to i is accepted with
probability p? . If p*77 + p? " =£ 0,2 then the equilibrium construction may be modified so that the two
agreement probabilities become p*—7 4 ¢ and p? ~* — €, respectively, for a range of values of €.
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APPENDIX B. PROOFS FOR SECTION 3

Pmof of Lemma 1. We proceed by contradiction. Suppose that M is an efficient match of
G such that p*(G;lm) < 1,VIm € M. Then it must be that for sufficiently large a,

Sa(v7%(G) + 029 (G)) > 1,VIm € M.

Fixing such an «, when we add up the inequalities above across all links in M we obtain

that

S 06 (G) + vii(C)) = (i)

lmGM

As N is G-efficiently closed, it follows that players in N can only reach agreements with
players in N under 5*% (G) Since every player in N can only be involved in one agreement,

and each agreement yields a unit total surplus, it must be that

> o (@) < p(M).

ke

Zu

Therefore,

S u(G) < p(M) <Y Galvf(G) +vi(G) < 3 Sar (G
ke]i:/

keN ImeM

Since d,, € (0,1), we need that Z : vk “(G) = u(M) = 0. However, (M) > 1, because G

has a non-empty set of links and M is an efficient match of G This yields a contradiction. [

Lemma 7 below, on which most of the preliminary results hinge, necessitates a review of the
Gallai-Edmonds decomposition theorem [13]. This is a graph theoretical result concerning
the structure of efficient matchings. The following partition of the set of vertices N of the
network G is essential for the result. The set of players under-demanded in G, denoted
U (G), consists of the players that are not always efficiently matched in G. The set of players
over-demanded in G , denoted O(é), consists of the players that are connected to at least

one underdemanded player. The set of players perfectly matched in G, denoted P(@),
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consists of the players that are not under-demanded or over-demanded in G.? Formally,
U(G) = {u|3 efficient match M of G, u ¢ M}
O(G) = {o]3u e U(G),uo € G}
P(G) = N\(U(@G)UO(G)).

We only state the contents of the Gallai-Edmonds decomposition theorem necessary for our

proofs.

Theorem 2 (Gallai-Edmonds). For every efficient match M of G, for every o € O(G) there
exists u € U(G) such that wo € M. The sets P(G) and U(G)UO(G) are G-efficiently closed.

Denote by U(G) the set of players in U(G) that are not isolated in G. Thus U(G) = 0
(U(G) # 0) means that in G (not) all non-isolated players are always efficiently matched.

Lemma 7. Suppose that U(G) # 0, and that v (G) +v*,(G) > 1 for all G-efficient links Im.
Then there exist I, m € U(G) U {g|v;(é) = 1} such that p*(G;lm) = 1.

Proof of Lemma 7. Let M be an efficient match of G. By hypothesis,

(B.1) v (G) + v (G) > 1,Vim € M.

Adding up the inequalities B.1 across all links in M, we obtain that

(B.2) S (@) + 0, (G) > (@),

ImeM

However, note that the constraints of the production technology imply that

(B.3) " 0i(G) < (@),

ked

Inequalities B.1-B.3 can be satisfied only if they all hold with equality. Therefore,

(B.4) v (G)+vi(G) = 1,¥ime M
(B.5) vi(G) = 0,Yu¢ M.
The argument above shows that v}(G) + v*,(G) = 1 for every G-efficient link Im (by

definition, every G-efficient link is part of an efficient match of é), and vj;(é) = 0 for every

%5The terms under-demanded, over-demanded, and perfectly matched were coined in [3] and [18].
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u € U(G) (by definition, for every u € U(G) there exists an efficient match of G that does
not cover u).

Fix 0 € O(G), and let M be an efficient match of G. By the Gallai-Edmonds decomposition
theorem, there is a u € U(G) such that uo € M. As argued above, v*(G) = 0 and vi(G) +
v*(G) = 1. Hence v*(G) = 1. We established that O(G) C {glvi(G 7) =1}

By the Gallai-Edmonds decomposition theorem, U(G)UO(G) is G-efficiently closed. Then
Lemma 1 implies that there exist [,m € U(G) U O(G) c U(G) U {glvy (G 7) = 1} such that
p*(G:lm) = 1. O

Proof of Proposition 3. If for some network G € G with U(G) = 0, v*(G) > 1/2 for all i
that are always efficiently matched in G, then v}(G) = 1/2 for all such i. Indeed, this is a
% (@) < (@), Yo > 0, which
v*(G) < u(G). Hence it suffices to prove the first part

consequence of the production technology constraint ) .~ v;

in the limit as v — oo becomes ), v;
of the proposition.

For a contradiction, let G be a counterexample to the first part of the proposition with
the least number of vertices. Then there is a player i in G that is always efficiently matched
in G with v}(G) < 1/2. Suppose first that G is not a non-trivial perfect network. We reach

a contradiction in 8 steps.

Step 1. v;(é o {l,m}) > 1/2 for all g # [, m always efficiently matched in G and for every
G-efficient Im

By the minimality of the counterexample G, for every player ¢ that is always efficiently
matched in G'© {l,m}, we have that U;(é o {l,m}) > 1/2 for any G-efficient link Im. To
reach the conclusion, note that for any G-efficient link {m, a player that is always efficiently

matched in G is also always efficiently matched in G © {I,m}.

Step 2. p*(G;lm) = 0 for all [, m # i
For a contradiction, assume that p*(G;Im) > 0 for some G-efficient link Im with I, m # i.
A deviation by i from 5% (G) to behavior that avoids any agreements before such links Im

are selected for bargaining, yields the following equilibrium requirement,

(B.6)

0% (G) = Y == (G lm)davy™ (G & {l,m}) + (1 DI Zm>> 0207 (G),
€

Im
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where summations are over the set {Im|lm is G-efficient, with I,m # i}. Taking the limit
o — 00, since v} (GS{l,m}) > 1/2 for all G-efficient links Im (Step 1) and 3, e%p*(é; Im) >

0, we obtain that v} (G) > 1/2, a contradiction.

Step 3. p*(G;ij) = 1 for all j such that ij is G-efficient

Fix a G-efficient link ij for player i. By definition, there exists an efficient match M of G
that includes the link ij. Since p*(G;lm) = 0 for all Im € M & {i,j} (Step 2), Corollary 1
implies that p*(G;ij) = 1.

Step 4. 35 # k (fixed for the rest of the proof) such that ij and ik are G-efficient

Since 7 is always efficiently matched in G, there exists j such that ij is G-efficient. If there
exists no k # j such that ik is also G-efficient, then it must be that ij is player i’s unique
G-efficient link, hence i and j are only efficiently matched to each other in G. Then players
and j only bargain with each other in every subgame of f“s(é). It can be easily argued that
v (G) = v;‘s“ (G). Since p*(G;ij) = 1 (Step 3), we need that v (G) +v]*-‘(C~¥) = 1. Therefore,

v¥(G) = 1/2, a contradiction.

)

Step 5. v;(@) > 1/2 for every g # i that is always efficiently matched in G
Fix g # i that is always efficiently matched in G. At least one of the links ij and ik (from
Step 4) does not involve g, and p*(G;ij) = p*(G;ik) = 1 # 0 (Step 3). The conclusion

follows by an argument analogous to Step 2, with ¢ replaced by g.

Step 6. v (G) + U;‘(é) > 1 for all g such that ig is G-efficient
Fix a player g such that ig is a G-efficient link. Since the probability that ¢ is involved in
all initial agreements when () is played according to 6*%«(G) converges to 1 as a — o0,
a deviation by i from 5% (G) to offering (slightly more than) 5av;5“(@) to g and avoiding
any other agreements, yields the following equilibrium requirement,
G
b9 (G) > 26%(1 G (G)) + 2€2€; Lsa07 (@) + v,

where v, converges to 0 as a — 00, corresponding to ¢’s expected payoff conditional on

the vanishing probability event that an agreement that does not involve ¢ occurs (Step 2).

Taking the limit o — oo, we obtain that v;(G) + v} (G) > 1.

Step 7. U(G) = 0 leads to a contradiction
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Suppose that U(G) = 0. Let ig be a G-efficient link with g # j. Then U(G © {i,g}) = 0.
By Step 1, v(G © {i,g}) > 1/2 for all h that are always efficiently matched in G & {3, g}.
Then by the argument in the first paragraph of the proof, v;;(é o {i,g}) = 1/2 for all such
h. Since j is non-isolated in G (ij € G) and U (G) =0, j is always efficiently matched in G,
and also in G' © {i, g}. Hence, v;-‘(G o{i,g}) =1/2.

By definition,

0G) = 3 5 (Grig)dany™ (G & i g}) + = (1 = 5,0i(C)

9
+ 11— Z ip*‘s‘l (Gig) — ! da v*5 (G) + 1/,
. eG ’ 266G @

where summations are over the set {glig is G-efficient, g # j}, and v/, converges to 0 as
a — 00, corresponding to j's expected payoff conditional on the vanishing probability events
that an agreement that does not involve 7 occurs or that ¢ and j do not reach an agreement
when matched to bargain (Steps 2 and 3). Taking the limit & — oo, we obtain that
. 1 1 ~ 1
vi(G) = T+ Qe—é(l — v (@) + (1 - = —G) Vi (G),

2e

where =3 6%]9*(@; ig) > 6%])*(@; ik) > 0. By Step 6, 1 — v*(G) < U;(é), hence

(’/T+ 1 (1 —vf(é)) < (7T—|- 26%) U;(é) = W% + 26%(1 —vf(@)),

which leads to v}(G) > 1/2 (as m > 0), a contradiction.

Step 8. U(G) # 0 leads to a contradiction
Suppose that U(G) # 0. By Step 6,

v (G) 4 v, (G) > 1 for all G-efficient Im with i € {I,m}.
Step 2 established that p*(G;im) = 0 for all I, m # i, hence
v (G) 4 v (G) > 1 for all G-efficient Im with i ¢ {I,m}.

Thus all hypotheses of Lemma 7 are satisfied. Then there exist I, m € U(G)U {glv; (G ) =1}
such that p*(G;lm) = 1. By assumption, i ¢ U(G) and v*(G) < 1/2 < 1, hence I,m # i.
This is a contradiction with Step 2.
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Now suppose that G is a non-trivial perfect network. By an argument similar to Step 5,
it follows that v’;(é) > 1/2 for all g ¢ {h(G), k(G)}. Assume without loss of generality that
vz(é)(G) <1/2.

A deviation by k(G) from aZ‘(Sg,)(é) to behavior that avoids any agreement, except for the
case in which k(G) is selected to make an offer to j(G), where k(G) offers (slightly more

than) 5040;55)(@)7 yields the following equilibrium requirement,

NN OEDY eiép*éa@ m)davy(y (G © {1 m}) + %(1 =0

1 *éa 1 *0a ~
+ (1 = = (G;lm) - 260) 0atys (G),

Im €
where summations are over the set {Im/|lm is G-efficient, with [,m # k(G)}. By an argument

analogous to Step 1, vz(é)(é o{l,m}) > 1/2 for all Im. Taking the limit & — oo, we obtain
that

O .- , \

where 1/ =%, e%p*(é; Im) > 6%p*(@; i(G)h(G)) > 0. We can rewrite the inequality above

as follows,

1\ . -
(7 + 38) @ 2=

Since Uk(G)<é) < 1/2, it must be that v
vz(é)(G) > 1.

Similarly, if v

+ 21 (1= 0 6, ().

l\D|>—‘

(é)(é) >1-— v;(é)(é), or equivalently v;(é)(

h(G)(G) > 1 - (G)(G). Since UZ‘(G)(G) > 1/2, if

(G)(G) < 1/2 then v
h(G)( 7) > 1/2 then v’ )(G) +0r6 )(G) > 1. We established that v;"(é)(G) +UZ((”;)<G) > 1.

Consider the efﬁ(:lent match M of G that includes the links i(G)h(G) and j(G)k(G). The

v

arguments above show that v (G) 4%, (G) > 1 for all Im € M, with strict inequality for Im =

§(G)k(G). Adding up these inequalities across all links in M we obtain that 3", (v (G)+

v*,(G)) > p(G). This leads to a contradiction with the production technology constraint.
The series of contradictions above completes the proof as outlined in the first paragraph.

O
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Lemma 8. Suppose that i ¢ U(G) and v (G ) = 1/2. Then vy(G 7) > 1/2 for every g such
that ig is a G-efficient link. If additionally G s a subnetwork iduced with positive limit
probability under 5% (G) as a — oo and i € G then v (G ) =1/2.

Proof of Lemma 8. To prove the first part of the lemma, suppose that i ¢ U(G) with v;‘(é) =
1/2, and ig is a G-efficient link. Assume first that G is a non-trivial perfect network. Then
g ¢ U(G) since g is not isolated in G. Thus v ( G) > 1/2 by the first part of Proposition 3.
Now assume that G is not a non-trivial perfect network. A deviation by i from ;% (G) to
behavior that avoids any initial agreement except offering (slightly more than) §,v;; %o (@) to
g yields the following equilibrium requirement
0P (G) 2> 3 e (G )0 (G {lmY) + = (1 — a0 (G)
2e¢

G
lm6

+ (1 - %} e%p*é“(é;lm) - 2%) 5.0 (C),
where summations are over the set {Im/|lm is G-efficient, with I, m # i}. For all G-efficient
links Im with [, m # 4, we have that i ¢ U(GS{l,m}) since i ¢ U(G). Thus v (Go{l,m}) >
1/2 by the first part of Proposition 3. As v}(G) = 1/2 and v (G © {I,m}) > 1/2 for all
G-efficient links Im, taking the limit o — co we obtain that vr (G 7)) > 1/2.

For the second part of the lemma, it suffices to show that for any G’ € G, if i ¢ U(G’) and
v (G') = 1/2 then vi (G'&{l,m}) = 1/2 for all G’-efficient links Im with p*(G’;lm) > 0. Fix
such a G'. For all G'-efficient links Im, we have that i ¢ U(G'©{l,m}) since i ¢ U(G"). Thus
v (G'e{l,m}) > 1/2 by the first part of Proposition 3. If G’ is a non-trivial perfect network,
then for any G'-efficient link Im, U(G’ & {I,m}) = 0, hence v}(G’ & {l,m}) = 1/2 by the
second part of Proposition 3. If G’ is a not non-trivial perfect network then a deviation by i
from &;°*(G') to behavior that avoids any initial agreement yields the following equilibrium

requirement
1 1
o (G 2 Y p " (EIm)s™ (G 6 {lm)) + (1 =D (G lm)) Sav;%(G').
Ilm lm

As v (G') = 1/2 and vi (G' & {l,m}) > 1/2 for all G'-efficient links Im, taking the limit o —
oo we obtain that v} (G’ ©{l,m}) = 1/2 for all G’-efficient links lm with p*(G’;lm) > 0. O
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Proof of Lemma 2. We construct the sequence iteratively. Suppose that we constructed
limq,...,l,_1ms_1, and that the goal has not been attained by step s —1, that is, U(GS) # ().
Clearly, ij is G-inefficient, thus 7, j ¢ U(G,). The definitions below identify the next link
in the sequence, [yms.

v (@) = 1/2, and G, is

As i and j are always efficiently matched in G with vi( ;

e

)
induced under 7*%(G) with limit probability of at least () as @ — 00, Lemma 8
implies that v} (G,) = v;‘(és) — 1/2, and v}(G,) > 1/2 for all k connected by G-efficient

links to ¢ or j. Hence,
v (Gy) + v, (Gy) > 1 for all G-efficient Im with {7, j} N {l,m} # 0.
Suppose that there is no G,-efficent link Im in G, & {i,j} with p*(Gs;lm) = 1. Then
v (Gy) + v, (Gy) > 1 for all G-efficient Im with {7, j} N {l,m} = 0.

Thus all hypotheses of Lemma 7 are satisfied by G,. Then there exist I,m € U(G,) U
{g|v;(és) — 1} such that p*(Gy;lm) = 1. As argued above, i,j ¢ U(G,) and v} (G,) =

vi(Gs) = 1/2 < 1, hence {7, j} N {l,m} = 0, leading to a contradiction. Therefore, there
exists a G-efficent link Iym, in G, & {7, j} such that p*(@s; lsms) = 1. The link Iym, is added

to the sequence. O

Proof of Lemma 3. The construction proceeds iteratively as in Lemma 2. Suppose that we
constructed lymq, ..., ls_1m4_1, and that the goal has not been attained by step s—1, that is,
j ¢ {i(G)NGy), j(G)k(G,)}. The definitions below identify the next link in the sequence,
lsm.

Note that G is a non-trivial perfect network because U(G) = ) and ij is G-inefficient.
Then by construction, U (GS) = () and ij is G,-inefficient, hence Gy is also non-trivial perfect.
Since i can only belong to at most one of the sets {h(G,),i(Gs)} and {k(G,), j(Gs)}, there
is an ordered pair (Iy,m,) in the set {(h(G,),i(Gy)), (k(Gy),7(G))} with Iy, m, # 3. As
j ¢ {h(Gy),i(Gy), j(Gy), k(G,)}, we also have that I, m, # j. The link [;m, is added to the

sequence. [l

Proof of Lemma 4. Let h be i’s match in an arbitrary efficient match of G that includes the
link jk. The construction proceeds iteratively as in Lemma 2. Suppose that we constructed

lymy, ..., ls_1ms_1, and that the goal has not been attained by step s — 1, that is, the set
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of players in G, © {h,1,j,k} is not és—efﬁciently closed. The definitions below identify the
next link in the sequence, [;m.

By construction, ij is Gs-inefficient, thus ¢ and j are always efficiently matched in Gs.
Suppose that there are no players in G, 6 {h,i,j,k} that have G,-efficient links to either
or j. Then each of i and j can only have G,-efficient links to h or k (ij is G,-inefficient).
Since i and j are always efficiently matched in Gy, it must be that in every efficient match
of G, each of the players h and k is matched to one of the players i and j. Thus {h,i,j,k}
is G,-efficiently closed, which leads to a contradiction with the assumption that the set of
players in Gy © {h,i,j,k} is not G,-efficiently closed.

We established that there is a player m, in G, © {h, i, j, k} that has a G,-efficient link to
either 7 or j. Let [, be my’s match in the efficient match of G that includes the links ik and
jk (ms is not isolated in G as it is connected to i or j, thus it is always efficiently matched

in G). The link I;m, is added to the sequence. O

Proof of Lemma 5. The construction proceeds iteratively as in Lemma 2. Suppose that we
constructed lymy, ..., ls_1ms_1, and that the goal has not been attained by step s—1, that is,
there exist non-isolated players in Gy different from h, i, j, k. The definitions below identify
the next link in the sequence, [;ms.

By construction, the set of players in G, & {h,i,j,k} is é’s—efﬁciently closed. Then the
assumption that there exist non-isolated players in Gy different from h, i, j, k implies that
G, 6 {h,i,j,k} has a non-empty set of links (every non-isolated player in G, different from
h,i, j, k has at least one G,-efficient link; such links need to belong to G5 {h,1i, 7, k} because
the set of players in Gy © {h,i,j, k} is Gs-efficiently closed). Then by Lemma 1 there is a
link {ym, in Gy © {h,i,j,k} such that p*(Gs;lym,) = 1. The link lym, is added to the

sequence. U

APPENDIX C. PROOFS FOR SECTION 4

The system of equations solved by v**(Giine 4) for low 6. For low d there is a unique MPE of

[%(Gline 4). In any subgame, every match ends in agreement. By the proof of Proposition 1
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and by symmetry, the equilibrium payoffs solve the following system,

11 1 1
v = 55((1—(51)2)4‘51}1)4‘504—55/2

11 11 1
Vo = 55(51)24‘(1—5U1>)+§§((1—5U3)+6U2)+§§/2
V3 = Vg, Uq4 = Vq.

The unique solution is given by

6430 —26%

. 12+ 35 — 262
12(3 —_ 6) y Ug (Gline 4) - U36(Gline 4) Y

UT(S(Glme 4) = Uié(Gline 4) = 12(3 — (5)

There is an MPE with payoffs as above only if 26% < 1, so that 6(v3°(Gline 4) +
03°(Gline 4)) < 1. Equivalently, § < § ~ .945, where ¢ is the unique root in the interval [0, 1]

of the polynomial 18 — 18z — 322 + 223, O

The system of equations solved by v*‘;(Glme 4) for 6 > 0. For § > J, there exists an MPE
of T°(Gline 4) in which players 2 and 3 reach agreement with some probability p € (0,1)
conditional on their link being selected for bargaining.?® As in the proof of Proposition 1, we
need the equilibrium payoffs of players 2 and 3 to satisfy d(v3°(Grine 4) + V5 (Gline 4)) = 1.

By symmetry, the equilibrium payoffs solve the following system,

11 1 1
v = 55((1—5vg)+6vl)+§(1—p)601+§5/2
11 1 1
Vo = §§(5U2 —+ (1 — (51)1)) -+ 5(51}2 -+ 55/2
(v +v3) = 1, v3 =0y, vy =15.
The unique solution is given by
. i} —6+ 55 + 252 . 1
U16(Gline 4) - U46(Gline 4) - 9252 7”25<Gline 4) - U35(Gline 4) - %

o 2(9—120 4 6% +20%)
P = 526+ 50 + 202)

O

26The probabilities that 2 accepts an offer from 3 and that 3 accepts an offer from 2 are not pinned down by
the MPE requirements. Only the average p of the two conditional probabilities is relevant for MPE payoff
computation. There exist multiple MPEs, all payoff equivalent, as outlined in footnote 24.
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Proof of Proposition 4. We first show that the system 4.1 has a unique solution v>, and

that v> belongs to [0, 1]". Note that a vector is a solution to 4.1 if and only if it is a fixed
point of the function h : R™ — R" defined by

2(e — efl)
2e¢

+ el 1 1 S e i
(51)]4—{—267 Z (1—5Uz)+e_G Z 6vk (G@{Zh?})

{i|kicH} {ijlije Ho{k}}

hk(v) =

It is easily checked that h is a contraction with respect to the sup norm on R", mapping
[0, 1] into itself, hence it has a unique fixed point, denoted v>, which belongs to [0,1]".
Therefore, for all § € (0, 1), v> is the unique solution to 4.1. In particular, the linear system
4.1 is non-singular.

If G has more than one link, then a more convoluted contraction argument establishes
that the linear system 4.2 is non-singular, and the unique solution v* belongs to [0, 1].2"

We next extablish that lims_,; U?’H = le for all [ € N. Consider the linear system 4.1. All
entries in the coefficient matrix are linear functions of §, and the entries in the augmented
matrix are polynomial functions of § and v;*(G © {i, j}) for triplets of players (4, j, k) with
ij € H and k # 1, (henceforth, ijk refers to any such triplet). Then vla’H is computed by

Cramer’s rule, as the ratio of two determinants,

o =PI (6, (02 (G o {i,51)in) /Q" (),

where PH is a polynomial in multiple variables and Q is a polynomial in one variable.
QM (8) # 0 for all § € (0,1) since the corresponding linear systems 4.1 are non-singular. We

can also compute vf? by Cramer’s rule,
vt =P (0p(G & {6, 5}1)in) /Q" (1)

Note that Q7 (1) # 0 since the linear system 4.2 is non-singular. Because P’ and Qf are

polynomial functions, they are continuous in their arguments, hence lim;_; P (6, (v;°(G ©

2™Define the function h : R™ — R™ by
2(e€ —ef) + el 1 1 . o
hy(v) = 26C Uk"‘ﬁ Z (1—%‘)"'67; Z vp(G e {i,j}).

{ilkicH} {ijlijeHo{k}}

If G has more than one link then one can prove that h o h is a contraction with respect to the sup norm on
R", and maps [0, 1]" into itself. Hence h o h has a unique fixed point v, which belongs to [0,1]". But if v
is a fixed point of h o h, so is h(vH). Then the fact that v is the unique fixed point of h o h implies that
h(v) = v ie., vH is a fixed point of h. However, h cannot have any fixed points different from v*, since
any fixed point of h is a fixed point of h o h. Hence v' is the unique fixed point of h.
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5 .5 5 5
) ) Fon
: O, © O 8
172 793 .069 793 172
0 0
@_@ ............... ............... ©_®
5 .5 .5 .5 5 .5
) ) (1) o)
L & O, & © © O]
239 714 209 675 209 714 239
0O) 0 0 (—
L &, ©, O S © 0, @
342 584 405 502 502 405 .58 4 372
3 D 0
g & ©) Q ©; © O ® ©
276 676 266 628 .305 628 266 676 276
) (O)— e 0O ©) . G) )
) © 3 - © © O © O 0
285 662 302 .553 438 438 .553 302 662 285
o) o D 0 6) ©) 0O
y <o < O O © 9 © 9 O &
284 665 289 588 355 571 355 588 289 665 284
0O o) D o) I o) ©) 6) 0O O
0 ©, © ©, © © O © © O O &)
284 .664 292 575 392 .489 489 392 .575 292 664 284

FiGURE 5. Limit MPE payoffs and initial agreements for the bargaining games

on the line of 2,3, ..., 12 networks.

(i, 31))igk) = PE (L, (vi(G o {i, 51))ix) and lims_; Q™(8) = QY (1). Therefore, lims_; v =
ol

Suppose v" satisfies v/" +v/f <1 for ij € H and v/’ +vf > 1 forij € G,ij ¢ H. Since
lims_,; v>7 = v it follows that there exists § such that for every 6 € (6,1), v>H satisfies
v+ < 1 for ij € H and o™ + 0 > 1 for ij € G,ij ¢ H. For § € (4,1), since
v>H solves 4.1, it follows that v># is a fixed point of the correpsondence f defined using
(v}(G & {i,j}))ijk as in Appendix A. Lemma 6 implies that, for every 6 € (4, 1), I[’(G) has

an MPE with payoffs v%#. O

The limit linear system 4.2 corresponding to F‘S(quﬂme 3) and the subnetwork H. In each equa-

tion the terms correspond in order to the selection for bargaining of the links (k, k + 1) for
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k=1,2,...,6, followed by the link (1,4),

11( +1 )+15/29+11/2+10+11/2+10+1
vy, = =\ —v = = = = = -
! 7201 2Ty 7 77 70 7t
11( +1 )+11( +1 )+11/2+11+11/2+11+1
U = ——=(v — v ——\U — U — — — — —U
2 72\ 2 Vgl ¥y 77 772
1 11 11 1 1 1 1
V3 = ?5/29—1—?5(1}3—1—1—02)4—?5(@3%—1—1}4)—#?0—1—?1/2%—?0%—?@3
1 1 11 11 1 1 1
Vg = ?23/294—?23/294‘?5(@44‘1—U3)+?§<U4+1—U5)+?1/24—?1—}‘?1}4
1 1 1 11 11 1 1
= =2/294+ -2/29+ -0+ —— 1— —— 1— 0+ =
Us 7/ +7/ +7 +72(v5—|— v4)+72(v5+ v6)+7 +7v5
1 1 1 1 11 11 1
= =23/29+ -23/29 4+ -1+ =-1/2+ == 1— - 1— =
Vg - / +7 / +7 +7/ +72(v6—|— v5)—|—72(v6+ v7)+7v6
1 1 1 1 1 11 1
= =5/29+4+=5/29+ -0+ =1/2+ =0+ —— 1— Z.
v 7/ +7/ +5 +7/+7 +72(f07+ v6)+7v7
The unique solution is v with vl ~ 0.235,0 ~ 0.759, v ~ 0.179,vF ~ 0.792,v8 ~
0.069, v ~ 0.793, v ~ 0.172.% O
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